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By 

Gen. Dr. Ramy M.K. Talaat. 

ABSTRACT 

• It M:D---e-V
5 

and 1;1.D-0-V5  (D c:R2) be two surfaces in the second order def- 
ormation in the Riemannian 5-spaces V5 and V5 of curvatures R, R respect* r: 
ively. 

5 	 dm dm Let L: T (V5)--4P.T (V ) bean isometry such that L(---) =  m 	 dt 	dt' 

Tm(V5)--rn 

provided that: 
={v5} Then M and M are in the third order deformation 

1- The Gaussian curvature K and the curvature k of the normal bundle satis-
fies K2-k

2 
0 

2- dim T2 (M) = 4 on M. rn 

3- M has no non-trivial real conjugate directions at each of its points 

•. 4- L 	R(x,y)zi = R(Lx,Ly)Lz, and L.[TrR(x,y)ul = 11- (Lx,Ly)Lu for each 
x,y,z 	Tm(M), u E Nm(M) =fv3,v}. 

5- M and M are in the third order deformation on -OD. 

• 

on M. 
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INTIDDUCTION 

The conditions for two isometric surfaces to be in the second order defor-

mation was discussed by A. gvec [3]. His result concerns two infinitesimal 

,sumet: 	:Airtacs. He 	tainod the :::r11iions for two infinitesimal iso- 

metric surfaces in E
3 to have the same second fundamental forms, that is 

the variation of the second fundamental form '51E= O. 

.Talaail:41 generalized gvec's result from the infinitesimal isometric sur- 

. faces to the more general isometric surfaces in the Riemannian 3-spaces. 

The aim of this paper is to find the conditions for two surfaces in Riemann.,- 

ian 5-spaces in the second order deformation to be in the third order de-

formation. 
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6 
DEFORMATION OF SURFACES 

Let V
5 
be a 5-dimensional Riemannian space, 2 

be a bounded domain. 

Suppose M:D-r-V5 is a surface such that at each point me M the dimension of 

the osculating  space T2
m(M) is equal to 4. To each m e M, associate a frame 

such thatfm,vi ,v21 is the tangent plane T
m(M) andfm,vi ,...,vjis the oscul-

ating space . Hence we can write 

dm = tju
1
vl  + CU2v

2 
2 	3 dv

1
= La

1
v
2 114)v3 

2 	3 dv
2
=-(0

1
v
1 -111J

2
v
3 

, 

4 
±Wv4 

4 
+(.0

2
v
4 

Lt.)3 --- ui4=CV5 	= 0, 
5 

, 	LO1 = 0, 

5 
, 	LU

2 = O. 

(1) 

By exterior differentiation of to
3 
=UJ

4 
= 0, and applying  Cartan's lemma we 

get 

3 
4.11 = a

3
LO

1 	
b
3
0)

2 

3 	3 1 
C3  W2  W2  =bl..0 +C 

4 
• LU1

4 
 = a LU 

1 ▪ b4
CU

2 

4 4 
= bCU

1 

▪ C

4
CU

2 
• (112 

(2) 

.From (1) and (2) we see that 

2 	1 3 4 	2 dv =1.01v2  +Lo  (a v3+a v4  )+ 	(b
3 

 V 3  + b4v ) 
4 

 dv
2 = -LUivi  +1.0

1 
 (b

3 
 v3  +b

4
v )41.0

2
(C

3
v
3 
+ C4v 4 	4 

The osculating  space T2
m(M) at each point m e M is generated by the vectors 

	

vi ,v2, a3v3  + a4v4, b3v3  + b4v4, C
3
03  + C

4
v4. 	(3) 

Hence 	2 	( a3 
b3 C
) 

dim T (M) =4 -(=norRank 	= 2. 	(4) 
4 a

4 
b
4 

Let V,W be two tangent vector fields on M such that 

V=xv
1 
 + y v2 
	W 

= vl  + 7 v2 
From (1), (2) and (5) 

(5) 

WVm  = W(x v
1
+yv

2
) = Wx  v + Wy v

2 
+ x W v + 1 	1 

Wx v
1 + Wy v2  + x dv (W) + dv2  (W) 2 	1 	2 

Y W v2 
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From which we get 

WVm 
 =1Wx 

 - yujl
2  (W)1 v1 + {W y  + x(j.)1 2 (W) v + 2 

3 fl 4)  3 	3 70 3 	4 	4 r 
( a, X 1 	 y r  +C y 	v + ( 	r+b x 

which shows that the vector WV E T 2 (M) . m m 

(6) 

Definition: The vector field V is called conjugate if there is another 

tangent vector field W # 0, such that WV is a tangent vector field. 
. Equation (6) leads to the following lemma 

Lemma: The tangent vector field V = xv1  + yv2  is conjugate if f 

(a3b4-a4b3 )x2 +(a3c4-a4 c 3 )xy+(b3c4 -b4c3 )y 2 = 0 . 	 (7) 

Let M:D--i-V5  be another surface isometric to M.If 	 (V5) is 

the isometry, we may choose the frames of II and Imq in such a way that 

I 	m , 	 nd I dm = d m , 

1 = u.)1 - 	2 	- 0,1 	w  =  

• From (9) 	 • 

- 1- 	2 - . ctm =W v1  +W -,- 	, ai =LL
4 
= 6, = o , 2 

- 2- 	-3- -4- 	- 5 dvi= (...01v 2  + (xi  v3+ Lai  v 4  , 	441 = 0, 

2- 	3- 	-4- 	- 5 d v2= -1.111v1+ (1,2 v
3 

+ 
EA2v4 , W2 = 0. 

	

Taking a general curve 1k= 	(.,v), u = u( t) 	v= v(t) in D, then the corr- 

esponding curves on 14 and 171 are given respectively by 

M( T(t)) = m(u(t) , v(t) ) 	, 	T(t)) = m(u(t), v(t)), 
• 

• Therefore 

dm = m u'+ m
y 

y' dt 	u  

d
2

m 2  
+2muv u. 	97v(v" 

2+ mu  "+ mvy 
dt2 muu 

Let 
j 	j 	j Cok = Ak du + Bk dv , fa.= C. du + D. dv , K=1,2, i=1,..,4 j=1,..,5. 

U4 • 

(8)  

(9)  

(10)  

Then 



For the second surface M and Its curve 

cedure dm d2M , 
dt' 

dt
2 

171( 	(t) ) get by the same pro- 

1
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dm = mudu+mviv =uj1vi + (o V2  = (A1yl+A2v2)du+(B1  v1+B2v2)dv, 
2  

which gives 

m
u 
= Alv

l 
+ A2v

2 

From (1) and (12) 

m
y 
= B v

1 
 + B2v

2
. (12) 

2 3 4 2 2 3 4 
(C1  v2  +C1  v3 

 +C
I
y4)+A (-Cf., + 2v3+C2v4). 

3 	4 	2 (Div2+Div3+Div4)+A (-Divi+D2
3 
 v3+D2

4  
v4), 

2 3 4 2 2 3 
(C1v2+C1

v
3

+C1v4)+B (-C1  v1  +C2  v3  +C2
4
v
4 
 ), 

m = A
u
1 
 v
l
+A
u
2 
 v
2
+A 
1 

uu 

•  
m = A1  v +A2v +A 

1 
uv 	v 1 v 2 

= B1v
1

2 
+Bv

2 
 +B

1 
u 	u  

m = Bv 
vv 	v 1 

2 	1 	2 	3 +B
v
v
2
+B (D2  v +D3v +D4v )+B2  (-D

I
y+D

2
v
3
+D

2
4  
v
4). 1 2 	3 	4 

(l3) 

where: 

=Lu
k 

= A
k
du + B

k
dv , 

Now, introducing 

= C?du + D?dv , 

d
k
m 	k- 

= L() 	d m  

	

dt
k 	 (14) 

dt
,T  

 
we give the following definition 

th Definition: The two surfaces M and M are said to be in k— order deformation; 

if and only if y/ = 0. 

Let the two surfaces M and M be in a second order deformation, hence 

. 	2 

2 

d
2
m L (—) 

dt
2 
 

j   A 	(C.-C.j  ) 

the two 

d2- 
m 

0, 	from which we obtain, 

2 	 2 

A 	(D.
1
-D.
1
) 	= = 

we get 

0, 

from 

j=3,4. 

(12) 

(15)  

(16)  

= 
dt
2 

= 0 , 
i=1 

Since 

i=1 

tangents m
u and my are 

Al 
	

A
2 

0. 

i=1 

independent, 

• 

• 

• 

• 
• 
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From (152 3) and (16) 
, 

	

Di = 	i=1,2 , j=3,4. 	(17) 

From (17) and comparing the coefficients of v
3 

and v
4 

of (13
23

) for the 

surfaces M and M we get 

2 r 	B (C.-C.) = 0, 	j = 3,4 	(18) 
i=1 

Equations (151), (16) and (18) imply that 

- Cj . = C.j   . 	i=1,2 	, 	j = 3,4. 	(19) 

Equations (17) and (19) imply that 

-"j 

	

= LO 	i=1,2 , j = 3,4. 	(20) 

	

Since the osculating spas- 	(1) at each point m 6 M is generated by the 

vectors 

3 	4 	3 	4 	3 	4 3 	4 v ,v ,C v +C v ,D v +D v , C v +C v , Dv +D v 
1 2 1 3 1 4 1 	3 1 4 	2 3 2 4 	2 3 2 4 

then from (21) 

dim T
m
2  
(M) = 4 -4'---5,..Rank 

From (11) 

(C3  C2
3 D3 D

3  \ 1 	1 	2 

4 4 4 4 
\ 
C1  C

2  Di  D2 i/ 
= 2 	(22) 

d
3
m 

m 	(u') + 	
uuv 

3 
3m 	(u')

3
v 

dt
3 - uuu 	'+3m uvv u'(v')

2
+m
vvv 

 (v')
3
+3m u'u"+ 

uu 

+ 3m (u'v"+u"v 1 )+3m v i v"+mu'"+m uv 	vv 	u 	v  

Differentiating each equation of (13) with respect to u,v respectively, con-

sidering that the two surfaces M and M are in a third order deformation, 

and equating the coefficients of 17
3
, v4  and N7

5 
in 

3- 
073 

= L(  --T) 

d
3
m 	d m 

= 0, we get T dt 	dt3 

2 

(21) 

(23) 
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1 

4 -4 	j 4 -4 	j 4 -4 	j 4 -4 
D.j  (C3  -C3  )=0, CA -C3 i  )=0, C(D3  -D3  )=0, D.(D,-D3  )=0, i=1,2,j=3,4. 

5 5 4 5 5 	5 5 4 5 
C. (C -C )+C. (C -C )=0 , D. (C -C )+D (C -C

5  )=0, 
3 3 i 4 4 	i 3 3 i 4 4 

3 5 -5 	4 5 -5 	3 5 -5 	4 5 -5 
Ci (D3-D3 )+Ci (D3-D3 )=0, Di  (D 3 -D3 )+D i.  (D4  -D4)=0. 

From (22) it follows that 

W. = W• i= 3,4 , 	j= 4,5. (25) 

 Now, let M c V5 and M c V5  be two surfaces in a second order deformation. 

Then the structure equations of M and M are given respectively by: 

k j1 j k 	j 
Wd 	= iA Lo k- —2 Rik/ Lu A (.1) , R. + Ri 	= 0, ktk 

(26) 

(24) 

jk 
wd W = 	A 	- Rik/ ul A LU Wk 2 ik 

= w 	• 

Let 

+ Ri tk  = 0. 

(27) 

• From (9) , (20) , (26) and (27) we get 

4 	, 3 	-3 	1 	2 	3 	-4 	4 	1 	2 
W1 A G3 = ‘R112- R112' U3  A 	, WIA t 3 = (R112-R112 ) W A 	' 

3 	,y 5 	4 	,y 5 ,-5 	5 	1 	2 	4 ,)„4 	3 	 3 	1 	2 
W1A 	34-U31 /‘ 1-4-‘R112-R112' W A LLI 	Ld2 A 1.3 = (R

3 	R3 
	U./ A  

34 ,-4 	4 ) 1 	2 ,)„ 
W2 A 	3ThR212-R212' U.)  A CL3  

„,5 	4 v,5 	-5 	0.5 	
(33  ” W2/‘ 1-3+ W2A L  4 = \R212-'s212' 	A 32  

(28) 
4 	5 	5 5 	5.1..5 ,e5 4 	-4 	1 	2 

d 'r 3  = -W3A 1-4 1.3A W4- 3A L.4+ (R312 -R312
) 
	A 

v
3  a 	= u)3  At +,t, A 5 	y5+ (R5 03 	 ) 4+ 

f'  3
A 

 L- 4 (8312-8312 
1 	2 

W A Li) 

5 	4 	5 r)..,4 	5_ry4 	(R5 _RS ) 1 	2 
d 	= -Lt.13  A 	(, 3 A U3 3  (, 3A (,31. 412 412 W ACP 

Now let the three vectors x,y,z E Tm (M) be such that 

1 	 1 x = x v1+x2v2 , y= y v1+y2  v2 , z=z1v1+z2v2 , (x
3  =y3  =z3  =0) • 

••• 
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1  
R(x,y)z = Ri  jk x

j 
yk zi v/ 	RI, 

i ik+R
i  
tik= 0 

1 2 1 	5 1 
	2 1 1 	5 G 	)+ = x y z ( 2: R.....,v,)+x y z (2= 
_Liz , 

	ECG 
 

5 	5 1 1 2 2 	1 	2 1 2 
+3( y z  ( 5= R212vt)+x Y z  ( 2: R21v. ) . 2 1 	1 

• Again let u e Nm(M), where Nm(M) = Iv3,v41 ; 

then 

R(x,y)u = Ri 
k
j yk ui vi j 

1 	1 2 3 L 	1 2 4 le 	2 1 3 I, 	2 1 4 =(R
312x y u +R412x y u +R321x y u +R421x y u )v 

5 
Let 7r: I'm(1/5)—...-ri = {v5} 	 y 	) = z5v5 is the natural projec- 1 
tion, then 71-R(x,y)u= (R312  u

3
+R412  u

4
) (x

1 
y
2
-x
2
y
1
)v5. 

Assume that for every x,y,z E T(M) and uEN(M) m 	m  

L ER (x, y) z] = TR(Lx,Ly)Lz , L [TFR (x,y) u 	= 1T fi(lac,Ly)Lu. 	(31) 

(R
112-R112) (x

l 
y2-x2y

1
) z2 = 0, 

2 -2 (R
112 -R112 ) (x

ly2-x2y1) z1 = 0, 

{ 

1  
(x  Y 

2 
 -X 

 2 1 	3 	-3 	1 	3 	-3 
	z2 

1 
y ) 	(P112-R112)z 4-(R212-R212)  z 	= 0,(32) 

(x y -x y ) 	(R 	-R 	)z 1" 5 	-5 

	

1 2 2 1 f 5 	-5 	1 
112 112 (R

212-R212) z
2 

} 	
= 0,  

f 

	

4 	-4 	
1+(R212-R212) z

2 	

i 	= 0, 4 -4 
(x1 Y2 

 -x2 Y1 ) 
	(R112-R112) z   

which are valid for every xl ,x2, yl,y2, zl,z
2
. 

From (32) we get 

Rt3x 	1
. ., = R.t  

3K 	 t = 1 ..... 5. 	(33) 1  

(29)  

(30)  

From (29)-1.(31) and comparing the coefficients of v1,...,v5  we get, 

2 -2 
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From (28) and (33) 

4 	4 
win  `3 = 

W1 A t 3+ W1A-t 4 = o 

3 	 5, 4 
1°2 A (, n, 3' CO2 A f, 	= 0 

3 	4 
W1A  3 

4 ry 4 
1/3 2 A `3 

3 ,y4 
LIJ2 A 1, 3 

= o, 

= o, 

= 0, 

(34 ) 

	

,5 	,r5 	5 1,
A  

5 ry 5 04 	-4 	1 	2 
3= w  3 A  I- 4-  I" 3 A W4 - 1.• 3 	I., +, s31 2 -R  312' U-1  Altj  

5 	4 	5  d rr3= IdA 1 4 4-I3 A (1.14
5  

+ I, 3 A 4 

d 5 	4 	5 la 4 	5 ,y4 ,y 5 
G4-_  W3 A

,y‘ 
 3-  3 A W 3-  " 3 A L' 3' 

Let us write 

1 	2 T34 
 = A co + /30.) 

From (2) , (34) and (351 ) 

a3B - b3A = 0 

b3B - C3A = 0 

From (4) and (36)  

5 	1 	2 
7'4 = Z1 CU +z/ Lij  

a4B - b4A = 0, 

b4B - C4A = 0 

Z4 
	2 

3  = Y LA) +Y (.0 1 	2 (35) 

(36 ) 

4 A = B = 0 •■•• rt
3 

=O. 

Thus equation (34) reduces to 

(37) 

W1 A (-
,y 

 3 + W1 A  (- 4 = 	
3 

 
 

A C. 3 + CA)2
4  

A "(.. 
5 = 0 , 4 

••• 

 

  

(38) 

C.) 

5 ry., 5 	5 	5 	5 
W3/\  t." 4 + 3A W 4

3AL  4 = 

5 	45 er3  .L03A rt 4  , de = 4 

From (2) , (352,3 ) and (381,2 ) 

4 .-4 1 2 
‘-.31 2 -"31 2 U)  A 03  

104 „ 
t. 
,5 

s."3 A 3  - 
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r 1 

4 
a z2

-b4 
z
1 

 +a3 y2
-b3 y

1 
 =0 , b4

z
2
-C
4
z
1 
 +b

3
y2-

c3y
1
=0 (39) 

From (352,3)  , (384,5)  and Cartan's lemma, there exist functions S ...,S 6 
such that, 

2 	 2 	4 	1 
dy1-y2 W 1-zi (A)34  = S i (jj

1+S2  co 2 , dz1-z2  wi+y i (A)3= S4  Lt.) +S5  LA2 , 

(40) 
2 	4 	1 	2 	4 	1 

dy 2+y1U11-z20J3  = S2  al +83 2 , dz2+z1  Lu i+y 2(03= S5  LLI +S6  (.02 . 

From (2) and Cartan's lemma, there exist functions (X1' 	8 such that, 

3 	4 	 1  3 	2 
da3 -2b W1-a um) = 	U)

1 
+ ( 	- 	) 

	

2 	2 112 

	

4 4 	1 3 	1 	1 3 	2 

	

1 	3 	2 2 112 	3 	2 212 db3 + (a3  -c3  )1,0 2-b (.1,1 = ( 	+ 	) LL) +(CX - -R 	) (A) 

	

3 3 2 4 	 3 	
a< 2 dc +2b 1-c UJ3

4 
 = ((X + 	) 	+ 4 LiJ 3 1 2-R 212UJ  

(41) 
1 4 

da
4 

2 b
4 (Aj21

3+au34=0‹ Lu l+( 	- 2  -R 	) uu 2 , 

	

3 5 	6 112 

	

db4+(a4 -c4 ) UJ2+b3 u)4 = (c)< + 1  -R4 	1 	1 
)t +(>< - _R4 	2 )Lu  

1 	3 	6 2 112 %." 	7 2 212 

	

1 4 	1 	2 4 4 2 3.,%  
= (c'<-+ --R 	) (.1.) +o< 	Um) • dc +2b (1) +C 	 / 2 212 	8 1 

Differentiating each equation of (39) and substituting from (40) and (41) 

we get two horrogeneous equations in u11 and uj2 , and hence 

	

1 3 	 1 4 
b3S1-a3S2+b4S4 -a4S5 	= -(D( 24-  1112 )Y14-a( 1Y 2-(pc6+  2112 iz14-°<5z2 .  

1   b3S2-a3S3+b4S5-a
4S6 	 -2-R212' 171+ (c.( 2-  21123)Y2-‘, °( 7-  2212' zl+  

1 4 + (a< - 	)z , 6 2 112 2 

C 
3  
S 1 -b 

3  
S 
2  
+C 
4  
S 4-b 4 S

5 = (64 34 42 12' Y14  ""(24  2
1
- R1

3  
12'12-1°(7+ m2 12' z14(42)  

1 4 +(et + R 	)z 6 2 112 2' 
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(42) 
1 3 	1 4 

i 

C3 S2-b
3S3+C

4S5-b
4S6 

= -o( y +( 0( 	-R 	)y -at z +(ok 	-R 	)z . 4 1 	3 2 212 2 	8 1 	7 2 212 2 

On the surface M the Gaussian curvature K and the curvature of the nor-

mal bundle k are given respectively by : 

K = a3C3-(b3)2+ a4  C4-(b4)2 ,  k= b3(C4-a4)+b4(a3-C3). 	(43) 

•Assuming K k and taking ($3) into consideration, certain combinations of (39) 

lead to, 

(K-k)yi  = (b3b4-a3c4)(y 2+z1)+[a3b4-a4b3-a4c4+(b4)2 
(z2-Y1), 

(K-k)y2  = [a4c4-(04)242104-b3c4] (y
2
+z
1)+(b

3b4-c3a
4
)(z2-Y1), 

(K-k)z1 =Ea4b3-(b3)2-a3b4+a3c3j  (y2+z1) +(a
4c3-b3b4) (z2-y1), 

(K-k)z2 = (b3b4-a3c4)(y2+z1)+ [a
3c3+b4c3-(b3)2-b3c4] (z2-y1). 

Certain combinations of (421,3)  lead to, 

(K-k)S2 
[a4c4-(04)2+c3b4-133c4] (S2+S4)+(b

3b4-c3a4)(S5-S1)+L1(y2+z1)+ 

+L2(z2-y1), 

(K-k)S5 = (b
3b4-a3c4)(S2+S4)+ a

3c3+b4c3-(b3)2-b3c4] (S5-S1)+L3(y2+z1)4-(45) 

Certain combinations of (422,4) lead to, 
	+ L

4(z2-y1). 
	

j 

I : 

• 
. 	

From (40) 

 

(K-k)S
5 
= a4b

3
-(b

3
)
2
-a
3
b4+a

3
c
3 

(S
3
+S

5
)+(a4c

3
-b

3
b
4
)(S6-S2)+L7

(y
2+z)+ (46) 

(K-k)S2 =(b
3b4-a3c4)(S3+S5)+ ra

3b4-a4b3-a4c4+(b4)2] (S6  -S2  )+L5  (y2  +z1  )+ 1 

+L6(z2-y1), 

	
• 

	

1 

1 	

• 

(44) 
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2 	, 
d(y

2
+z1MY1-z2) (W1 U)

4
) = (S2+S4

)(if
1 
 +(S3+S5) /0

2 
 

(47) 
2  

d(y
1-z2)-(Y2+z1)(U01+(X3

4  
) = (S1-S

5) W1
+ (S

2
-5
6
)(1.1

2
. 

Theorem: Let M:D---4-V
5 

and 	 5 be two surfaces in the second order 

deformation, where D c:R
2 
 is a bounded domain and V5, V5 are two Riemannian 

• spaces. Suppose that : 

1- K
2 

- k
2 
# 0 on M 2- dimT

2
m
(M) = 4 on M, 

3- M has no non-trivial real conjugate directions at each its points, 

4- L [R(x,y)z] = R(Lx,Ly)Lz, L [7r R(x,y)u] =iti(Lx,Ly)Lu for each 
x,y,z E Tm(M) , 	u E Nm(M), 

5- M and M are in the third order deformation on the boundary -6M. 

Then M and M are in the 

Proof: 	We can choose in 

third order deformation. 

the bounded domain D c:R2 coordinates 

LA
2 = r dv 	, 	r=r(u,v). 

4 	1 

	

2
kij
2 
	,6j3= F3  (J3 	+ F

4 
Lii2  

	

(47); 	similarly from 	(45
2
), 	(46

2
) 

442433 4r(Y1-z2) a4
c-(b)+ab-ab 

and 	(47) 

2+z1)  

u,v 

(48)  

(49)  

■•••■ 

such 

that 

Lu
1 

= r 	du 	, 

2 
CU
1 

= F
1 	

1 
 + F 

From 	(45
1
), 	(461) 	and 

4--  343 (Y1-z2) (bb-c a ) 	u 

• [
(0
4)2-a4c4+133c4-c3b4] 

= f
1
(y
1
-x
2
)+ f

2(y2 

v 

Th(Y2-1-z1) 3434 
+(bb-ac) 

u 

+z1), 

+(b3b4-a
4
c
3
) 	

1 
y

z2) [
a
3
c
3
+b
4
c
3
-(b

3
)
2
-b

3
c
4](Y1-z2) 	-.' 

+ 
-6, u 	-b 

3 3 	3 2 4 3 3 4 -'1"(Y2-1-z1)  +(a
3
c
4
-b
3
b
4
) -?)

(Y2+71)  
+[a. c -(b ) +a b -a b --6 u 	 -"b. v 

= f
3
(y
1
-z
2
) + f

4
(y

2
+z
1
) 

(50) 
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1 

6 
The associated quadratic form )“pf (50) is 

3 4 4 3 	2 	34 43 
(k-K) [i (a  b 	-a b tA +(a c -a c 	+(b

3
c
4
-b
4
c
3
) N)

2
] , 	(51) 

lkiS definite because of our assumption that K
2
-k
2 

0 and that the surface M 

has no non-trivial real conjugate directions. Hence the system (50) is 

elliptic. 

• Now, since M and M are in third order deformation at the boundary-6M, hence 

• 
• 5 	 5 

▪ from (25) and (27) we have 7:3 
= nr

4 
= 0 on the boundary -6M. Then from 

(50) and (44) y1=y2=z1=z2 0 for every m E M. HenceM and M are in the 

third order deformation which proves the theorem. 

Q.E.D. 
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