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ABSTRACT 
• 
*In this paper we establish sufficient conditions for the existence of 

periodic solutions of the equation 

x + K(x — a) (x — b) x + E x
2n+1 

(x — c) = 0, 

This equation does not satisfy the condition xg(x) ). 0 for lx1 >0 which 

was assumed in (3) and [53 . 
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INTRODUCTION 

In this paper we are going to establish sufficient conditions to be 

satisfied by the constants k,a,b, c and E to prove the existence of 

a nonconstgpt 	periodic solution of the nonlinear second order 

differential equation 

x + K(x-a) (x-b) x+ e x
2n+1 

(x-c) = 0 	 (1) 

The equation is a form of lineard's equation 

X+f(x)X+g(x)= 0 	 (2) 

which discribes many physical phenomenas.The equation does not 

satisfy the condition which was commonly used by (33, (51, and 

others.To prove the existence of a periodic solutions of (1) we 

suppose that K 	0,e0 , a 	b and c are real constants. 

Equation(1) is equivalent to the system, 

x = y, y =-f (x) y- g(x) 
	

(3) 

where f(x) =k (x-a) (x-b) 

g(x)=Fx
2n+1 

(x- c) 

To prove our result we shall use a technique similar to that 

Ac 
used in E 33 and 5] to investigate the phase digrame of the system (3). 

MAIN RESULT 

Theorem  

Suppose that 

i) c4a4.0< b 

ii) there are two numbers xw 	; c < x
1 
< a; 	w 	1 

such that 

2w(1+ 	 ) L < B 	(x1  , 	a) 
i2N 
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iii) 
w2 ,..lx2n+1 

(x-c) dx 

iv) Lim G(x)> r2 N + L; 
S -002  

(x -a) 
where [ B (xl,a)-1([ 

1
6 

(v) <',1 
L- 	+ K 

G 	(b-a)
3  

N 	6 

6 

1 

(*
1
-a)

2
(x -b) 

1  ] 
2 

3 

G= max {G(a) ,G (6)1 
3- 

N= [ Ejx
2n+1 

(x-c) dxj I  

Then equation(1) has at least one nonconstant periodic solution. 

Proof  

Consider instead of equation(1) the equivalent system (3) .The 

only two critical points of the system (3) are 0=(0,0) which is 

unstable and A
o
=(C,C)) which is a saddle point.With A

o 
is 

associated four separatrices 	T_, U and U . 

For t increasing,;he separatrix 	leaves Ao  and enters region: 
_ ex2n+1 

(x- c)  
V= {(x, y) I c < x < a, 

k(x-a5-(x-b) 	
> y 	0 	, 

Now ,we shall prove that T+  is a contracting spiral •We have  

different cases. 

case 1:Let us suppose that T+  intersects the line 

x=b and let P1=(a,y1),P2=(0,y2)and P3  =(b,y3), 

denote the intersections of T
+ with the lines x=a,x=0, 

and x=b respectively as t increases (Fig.1) 
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Let 	(x,y) = 	y2  + G(x), Fig.l. 

d a  _  	dy 

 

dx 2 
- 	f (x) dt 	a Y 	dt 

  

CI X dt 

Ky
2
(x-a) (x-b) 

d 
dt 	

0 when x > b 
	

or 
	

K a 

d 	,... 
dt 

when a 	X <■ b . 

Then, 	(x(t),y(t)) is decreasing for x G,a, hence 

A ( P1) < ,(A0) 

2 
2y1 

2 1 
—y

2  < <G 

+ G(a) ‹: G(c), 

E  j 2n+1 
(c) - G(4= 	(x-c) dx, 

I 
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y 	f x2n4-1 
1 	 (x-c) dxj. 

then yl< 0 N . 

Now,we have two cases,either yl  < N or yl.,?; N.suppose first 

that )71.Z. N, then by eliminating t between the two equations 

of the system (3) we get: 

dy 	y _ -yf(x)-g(x) 
dx 

E x2n+1(x-c)  = -k (x-a)(x b)  
y 

Then , dy 
	

0 for y2 0, a 	x 	O. Then,the trajectory 
dx 

* 	 4 
y= y(x) of (6) satisfying y(a) =N is increasing in x for a<x< O. 

2n+1 
-k(x-a)(x b) 	

x 	(x-c) 	
, for a < x < O. 

Let 0 (x)= 
-k(x-a)(x-b) 	 , for 0<x < b. 

Then,we get : 
x2n+1, (x-c)  0(x) 	-k(x-a)(x b) 

for a < x< b and y N. 

• We denote by y(x) the solution of 

dy 
dx = 0 (x), (7) 

satisfying the initial condition y(a)= V2 N. 

C 

(6) 

 

Since Y(a) = V2 N 	N 	(a) and 

 

dy  
dx 

 

dy  
dx for a < x 	b . 
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Integrating (7) from a to b, we get : 

ch 

y(b)-y(a) 	J o (x) dx 
a- 	C' 

S (x-a)(x-b) dx- 	
E  N ' x2n+1 

= - k  (x-c) dx. 

GL 	 cc CL 
(b- 

3 

6 	N
a) 	4. 	E 	Jr x

2n+1
(x-c) dx Hence ,y(b) = V-2-  N+ K 

0 

N + k 
(b -a)

3 
G  

6 

hence , by (5) ,y (b) - 	N K L, and that 

y
3 
 < y (b) < 42N+ 	L. 

But , G(x)-:?- 00 as x 	, then using (iv) we have the equation 

..)(x,0) = NON 	L in x, has a positive root which is denoted 

by 'F . 

Since IA (x,y) is decreasing for 	x 	b , the trajectory which 

leaves P
3 
must meet the x- axis between x= b and x= Xv  • 

Let P4  = (b, y4) be the intersection with the half line tx=b,y< 03. 

Now let 

= ^ (P4)- 	(1) 3  = 
1 	2 	2 

2 (y4 - Y3 

since 	
dt 	

ky
2
(x-a) (x-b), hence 

d 	144  

2 
Then ,y4  - y3  < 0 gives us I 

Y41.1 
I Y31 ,thus we have: 

Y41513,31.q5 
	

N + L 	(8) 

e4 
For the case y1 .4 N, we consider the trajectory T( of co, 

of the system (3) leaving the point (a,N) , 

(;\) =- 	ky
2
(x -a) (x-b) dtt O. 

3 

p (t)) 



I
CA-141 1451 

■■•■ ■•••••••■••• 

SECOND A.M.E. CONFERENCE 
DR 

6 - 8 May 1986 , Cairo 

r 	 1 

6 	also denote by t3  the value of t such that cct3) =b,then using the 

previous argument,we can show that 

Y411
y31$12N+ L. 

In addition to the hypothesis that T+  meets the line x= b,we make an 

assumption that T+  meets also the half line{x= xi,y< 0}. 

Let P
5 

=(a,y
5
) and P

6 
=(x

1
,y

6
) be the first points of intersection 

of T+  and the half lines {x=a,y ( 0)and 	xl  ,y 	0 I c < x161 

respectively.Proceeding from the point P
4 

to P
5 

in a similar way as 

from P
1 

to P
3 

and by using the inequality ( 8 ) ,we get 

Y51< r 2 	N + 2L 
	

(9) 

we have 

d,X _ d 	/  dx  
dx 	dt 	dt ' 

 

	

ck 	dl 

	

-dx dt 	dt dt 

hence , 	
d 	

- 
dx 	

y(x-a) (x-b) k. 

Integrating from P5  to P6  we get : 

( XI 
9k(P6)- X(P5)= - j ky(x-a)(x-b)dx 

= - 	k I yl(x-a) (x-b) dx, 
X, 

Since y < 0 in the interval [.. x1  ,a] and hence iyi. - y. 
••=t 

We have two cases either lyp 	 for every point on P
5
P
6 
or not. 

e-N 
If ly13  tu

12N 
 along P5P6  ,by using condition (ii) we get 

NO NK 	f'61.' 
A(P6)- 	(P )<- 	(x-a) (x-b) dx 

5 	DU 	. 
xi 

(N + 	) 
L

V2
V

N 	L _   B 	(x
l' 
 a)<-24 
 

21, 	
T2— 

andA(P6)\(A(P5) -2L(4-2N+ L). 
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Using X (p5) - 
2 
1 	

y
5 
2 
+ G(a) and the inequality (9) , we get 

2 
( f-2-N + 2L)2 + G(a) - 2L( 	N + L) 

= N
2 
+ G(a) 

= ix2n+1(x  

E i
x2n+1 (x  

0 

a 
- c) dx + f 	x

2n+1
(x-c) dx 

0 

- c) dx = G(c). 

Then, 

X (p6)4 G(c) 	 (10) 

If there exists at least one point of p6  such that ly1( .°14  

.at that point, then using the fact that y(t) > 0 for c < x <a and 

y4.0 	on 
P5P 6 it follows that 

(-2N 
Y6 

Using condition (iii) , we get: 

C 

	

\ (P6) - 2 
	Y6 	G(xl) 	2 	G(x1 )‘‹Efx

2n+1
(x-c)dx + G(x

1
)=G(c), 

	

1 	2 	N
2 

uJ 	xi 

(4.) 
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which means that the inequality (10) holds. 

Continuing with T+,asAdecreases in the half plane x <a,it follows 

that T must intersect the negative x axis at some point(x,O)where, 

• G(xt ) = (x
*, 0)< 	(p6 ) 

Let x2  be a point such that G(x2 ) = A(p 6 ) then G(x2 ) 	G(x) . 

But G(x) is decreasing in c< x e.,0 then c.c. x2  L x < xi  . 

Now we have proved that T+  is a contracting spiral. 

• If T+  does not intersect the half line x = xl ,y < 0/ , then, 

by constructing a function similar to V5*(x), we can prove that 

-(1/2N+ 2L) and it follows that T intersects the x-axis at 

4 
x , x144 x‹,0 and again 	is a contracting spiral. 

In the same way, we can prove that, if T+  doesnnot meet the line 

x=b, it must intersect the negative x-axis at some point x 
Afr 
 , c<.x (0. 

Again T+  is a contracting spiral. 

In addition to T+ 
being a contracting spiral, the origin is an 

unstables critical point. Hence, there exists an annulus surrodflaing 

the origin which satisfies the hypothesis of Poincare-Bendixon theorem 

( See Ref. 4 

• periodic solution. 

)which proves the existence of at least one 
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