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ABSTRACT

' The aim of this paper is to introduce a generalized form of Figher's .
information based on the concept of divergence of a sample of size n for .
different values of the population parameter. By using this generalization,
we obtain a new form;less restricted, of cramér-Rao inequality. Some

illustrative examples are presented.
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0. INTRODUCTION:

The aim of this paper is to introduce a generalization of the classical
statistical theory of point estimations based on Fisher's concept of inform-
ation 1in a sample of size n using cramer-Rao inequality . As it is well
known, applications of the classical point estimation theory based on cramer-
Rao inequality require that the sample joint density function must satisfies
some regularity conditions which are some what numerous and consequentely app-—
lications is so limited. If thege conditions are not guaranteed we may come
to serious mistakes. Decreasing these restrictions on the statistical model
is achieved by generalizing Fisher's information which is based on the concept
of divergence of a sample of size n for different values of the parameter to
be estimated this generalization permits a straight forward generalization
to the classical cramer - Rao inequatity . The new form is without the pre— _
vious rather awkward resularity conditions.

The paper consists of two sections. Throyh-out section one formulation of
the statistical model and demonstration of the basic results are given.
Section two is devoted tothe applications of the derived criteria of estima-

tion.

.

.

1. MODEL FORMULATION AND GENERALIZED FISHER'S INFORMATION .

Through this section, we shall consider the probability space (.., 8, P ) L SL
is the fundamental probability set(sample space), G is the segma’ algebra

of subsets of L) and Pe is a probability function defined on (R , & )
which depend on the parameter pe (7, é) is an open subset of R(the set

of real numbers). Let Xl’XZ""’ Xn be n independent identically distri-

buted, continuous random variables, each one defined on the probability

space (§2 | G, P, aeﬁ) having joint distribution function Fo()‘ s 6 )
and joint density function fo( X36), X = (xl, ;xn) f(xi,' 2 ),

F(xi, © ) are the density and distribution functiongof xi’ i=1,2,...,n.

Let us consider the following definition (see [3j )

Definition 1.1: The quantity

%, 8
(1-—2 )2
f(X, 8 )

D (8',0") = E,
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is called the divergence of a sample of size n for different values
8' and 6" of the unknown parameter 8. For simplicity, we shall call
Dn(e‘,e") by divergence only and denote Dl(e',e") by D(8' , 8").
In the definition of Dn(e',e") we understand, 0(1 - —g—— )2 =0 for a0
and 0(1 - —g——) = o0 for a>0. It is easy to see that OéDn(B"e")s 0.

Proposition 1.2:

The divergence D (A',8") as defined before is equal to,
FO( X, 8"
D (8,8") = dx - 1
fol X, 8")

"
Proof: E

From the definition of divergence, we have

fo(x; 6" ) 2
Dn(e',e")= Egr (1 - )
FOX, e')
fo(x\" €% 2
& {1 ~ — )oE (K, 8') dx
g ks 7 2.0
‘/‘ ' " ‘FO(K; e)
- (F,(X,0') - 2f (%, o") + , ) dx
n fo()&; e')
Consequently,
f§ (X, 8m
D (8',0M = d¥~= 1
i fo (X, 8"
Lemma 1.3

For our statistical structure,

D (8',6") + 1 = (D(8',8")+ 1)
Proof:

From the precedent proposition

fz( x s en)
D (0',8" = [ —0_— dy - 1
R" ELCX, 8"
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then, 2
ECX 5 8"
D (8',8") + 1 = dx
h g EC3 5 8')
0
R ®
.
f(X " )
- .7 2.9 5% Bl .Y de
7=/ f(x ) 1,6 1 '
-m 3 g?
. [95]
i f2( 8" n
D (0',8") + 1 = ( 2 dx )
B f f (x, 6")
But ”mn

i )
D(e',8") + 1 = ‘//ﬂ Ly 870 4

=D f (x, 68')

Thus,

D (8',8") +1 = (D(8',0") + 1)"

Definition: 1.4

b

The quantity
Lim 1
& =0 o

is called the eneralized Fisher's information in a sample of size n.
g p

1.(0) = D.(8, 6 +& )

where Lim denotes the left hand limit. I](B) will be denoted simply by

1(9).
Theorem: | 5

I (6) =n 1(8)
Proof:
from Lemma 1.3
D (8,8") + 1 = (D(6,8") + )"
Using the Binomial theorem, we get,

D (8,8")+1= 1 +n D(8,6') + ... +( P 0fCe, 8 4 .. e p"(0,0").

replacing 6' by 68 +&and dividing both sides by 52 , we have,
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n
—1——D(8,8+é i o s D(8,0+ )+...+(k)~—1—2 Dk(e,e+£)+
" e

R &* :
+f% D"(6,8 +& )
Taking the limit from left of both sides, we get,
lim 1 n 1 k
I (8) = n — D(B,0 +&) + ... + ( ) Lim D (6, 6+E)
n Z50 = 2 K ea &2
. b ... 4 30 L pe,0+&)
Ewo £ e
But since,
lim 1 k B ;
> D'(8,6+ & ) =0 1f k > 1 and 0 < I(8)< o , then
Ewo &
I (8) =n 1(8)
n
if I(8) = o , then In(e) = 0D

Theorem:

.

* The generalized information I(8) as defined before is the same as the

classical definition,
[+ »]

1(6) = f( L 80,2 pr By dx

L") f(x ’ C] )

provided the following conditions are satisfied

(1) 3— f(x;8) (f'(x,0)) exists for all x €R

Y
. o
(2) /}Mﬂ £(x, ©) v g
— oy . E(x, 9)
oL
: 3 1im (E(x:0 + €) - F(x ;8) _ f'(x;0) 12 etxia) dix =6
E o & f(x,0) f(x ; 8)
—a0

for any 6 & @
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Proof:

We shall start the proof by the following lemma.

Lemma. If we have (f(x,'é ), %(x) such that,

\/‘56’2(}() f(x,8) dx<o»» and
—o0 A

1im /((,0 (x,"& ) - (/!(x) )2 f(x,0) dx = 0
Epo °

—oR
then o =
. 2 . 2
lim /F‘ (x;" 8 ) f(x50)dx =/f/’ (x) f(x3;0) dx
59 | ;
e —)
Proof:

Let us adopt the following notation,

%

- 2
Vs o) - /sv (x; £)E(x,0) dx
2 — 9 o
}[ i}p(x)” = _/’02(}() f(x; 8 ) dx
" we know that, T
TP el < 1pes &5 -peoll + ool see (D)
and

[ 1¢c;e)H) - TPcollf < o &) - ool css (2

then,
[peser )f? - e % 19ces ) el peess) + lpoll )

using (1) and (2) we have,

[1f6e ) )1 - 0ol 2[<pyce, £ - Pooll . P s &)=Yl 2@ ool

=ﬂ(f(x,£)— P (x) ]/2 +2 (e . ¥ (x; &) - ‘,’(x)”
But since, ”lf(x)lqu and

1P, &) - foo) —s o
£ > o
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lim }2 D(B8]6+ &) =I(M)2 f (x,08)dx
E flx , 8)

— 9
which completes the proof.

Remark:

CONFERENCE
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so,
2 el
/”‘f(x;é)” -”Lf(X) z-;—g' 0
and therefore the lemma is preved.
If we denote , fx;8+£) - f(x;0 ) by (P(X,'c‘. )
E f(x 3 0)
and —f'(x—;e-)- by ‘f(x), then ,from condition (3) and using the above
f(x,; 8) ) :
f‘lemma, we have ;;I(;! / \/(YZ(X r &Y _lpz(x) ) f(x:8) dx'= 0 6
l.e., —ad
. 2 2
= “W(x;g Ml -l eoll [~ o
E >0
therefore, B g
Lim f(f(x;e =) ol B0 e ) dn j( Fx 50 32 r;0)ax.
Er0 - E f(x;0) f(x,” 8 )
— o0

Due to the fact that In(8)= n I(8), the above theorem 'is: also true for npl.

Theorem:

For our statistical structure and for any unbiased estimate T(x

of the unknown parameter 8, we have

var (T(xl,..., xn))g____}_____ .

nI(e8e )

" Proof:

The basic tool of the proof is schwarz inequaltiy,hence,

. _ . 2
(f(T(g)—euf("’e*“’ X5 ) ) rx; @) ax )
on £ 5 8)

. < = Y . 2
< \/(T(X)‘e)zf(ﬁ(';e)dk(f( F(X30 +& )-10x;0 ) F(x:0) dx

1,...,xn)-
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(J ro-ercanon e )ax - (T(R)-0)£ (X38)d%) L var (1)) D_(850 + £ ) -
then@n Rn
var (T(0)> L
T L peer &)
) E2 n
taking llm of both sides , we have,
&=-0
.var (T( X)) > 1 = 1 = 1
; = . - I_(8) n 1(8 )
: SnLop (ese +5) ! ;
Therefore,
Var(T¢%) > —1 .
T nI(8)

2. APPLICATIONS

Through-out this section the detived result i1l pe applied into three

different statistical structures.

Example 1: The normal case.
T A :
: f(x,0) = @M 2 o 2
1 1 2
2 : - = ) - 5(x - (e+ 28&))
. E
E7(x; 048)  _ oy 2 22 T2
f(x,0 )
so, + 9
-0 2 - ——(x - (9 + 28))2
D(O,8 +&£) + 1 = (27) e e dx
Then, —
{2

D(B, 8 +&) +1 = ¢

consequently,

. : 2
&
lim 1 D(O; 0 +¢) = lim il
2:._3,_-) {2

1(e) =

therefore the minimum variance is =
1
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Example 2: The uniform case A}
. e
f(x;y 0 ) = 3 0< x <8 i
(5]
f2(x : 8 +&) 8
2
£
fx; 0) L& = 4 \
Then, e = ’ 9 Tx,
) D(e,‘9+£)+1=f g 5 dx
. o |+ &)
= 92
(6 + )2
A
Thus 2
6
D00 ££) = (S a? _
0+ &
1(e) = —Llim L D (80 +2) = eo
E=F0 52
The minimum variance is therefore zero.
. Example 3: The triangle case. : > .
- 2 —_— o o z L
f(x,8) = - 5 (x -8) 0<x <8
e
2
fz(x,‘ 8+ & ) 282 (x -(8+ & )}
f(x ; 0) ©+)"  (x-0)
2 2
- -2 -ty &
o +g5) X -8
« Then 4 ‘
: 2 2 .
D(B,8 + & ) + 1 = 4. /.(x-(9+2&)+{ ) dx
0 +& )2y S
Hence,

D(8,8 +&) = oo and I(8) = ae

therefore the minimum variance is zero.
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Comment

It was shown through-out the paper that the classical form of Cramer.

Rao inequality used in the books of mathematical statistics is a special

case of more general concept.

It is easy to see that the classical form of Cramer— Rao inequality

can be applied in the case of example 1 but it can not be applied for the

cases of examples 2 and 3. unfortunately the minimum variance calculated

using the generalized concept in the last two cases was zero. Investigation

therefore should be continued to find models where the classical form can

not be applied and the minimum variance is different from zero.
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