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ABSTRACT
In this paper we study the problems of existence and
uniqueness of sélutidn to the nonlinear multiparameter
problems of the form
n

Au+ % N\ Bu =g,
j=1 4

*
where A, Bj: X—>X are mappings from a reflexive Banach space
X into its dual space X*, satisfying certain monotonicity

conditions, fe:X*, and \j (j=1424e0e4yn) are in general complex

parameters.,
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1. Introduction

In this paper we study the problems of existence and
uniqueness of solution to the nonlinear multiparameter

problems of the form

J.u: f,

n
Au + }:)\jB

J=1
where A, Bj : X=X are mappings from a reflexive Banach
space X intq its dual space X*, satisfying certain
monotonicity conditions, fe X*, and \j (J=1,24eeesn) are in
general complex parameters,

Application of the developed theory to the nonlinear
Sturm Liouville’s problem for ordinary differential
equations in 1P spaces 1s also given,
The study of multiparameter systems of equations has also
been discusked as a straightforward extension to the case
of a single multiparaheter problem.,

Our analysis in this paper is an extension, to the

Banach space <ase, of that given by Amer[3] s Amer and

Roach[4) .

2, Definitions And Basiec Results

1l

Let X be a real Banach space, X* its conjugate space.

For y in X*, x in X, denote the value of y at x by (y,x). If:

T is a mapping (in general nonlinear) with domaine D(T) in

X and range R(T) in X . We recall the following definitions.
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be monotone if
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(1) The mapping T: X2 D(T)=>X is said to

YsX=y) 3 0, for all x,ye D(T).
(2) We call that T is strictly monotone if

(3) We call that T is strongly monotone if

(Tx=Ty,x-y)>» c|| x~y|| , for some ¢ » 0.

Definition 2,2,

The mapping T: XX with D(T)=X is called

*
coercive from X to X 4iff there exists a continuous function

o : R R with

oL (r) >+ ®.as r++cand such that

- (Txyx) 2 o<(ixi) 1 xyy, for all x,ye D(T),

Definition 2 3.

hemicontinuous

of D(T) (with r

: weak topology i
" defined by

R IONE

is continuous f
For the

proof the follo

Theorem 2,1,

E P X—rXf is mon

defined on the

Theorem 2.2,

2ele that T is

bijective,

z *
The mapping T: X2 D(T)>X is said to be
if T is continuous on every line segement s
espect to the strong topology on s and the

n the range) i.e. if the function f : R—-+R

(T(x+>«y),z), X,yeD(T), zeX, >\e:R
unction of X.
sake of completeness we introduce without
Wing result given by Browder [ 1] s L2 4
Let X be a real reflexive Banach space, If
otone, hemicontinuous and coercive mapping
whole of X, then the range R(T) is all of X*.
If in addition to the assumption of Theorem

strictly monotone, then the mapping T is
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Se Main Results

We shall use Theorem 2.1. and Theorem 2.2, for
establishing the existence and uniqueness of solution for
two-parameter problems of the form

. 2 *
(3.1) (A+ 0 N, B)x =rfex,
j=1 J
* where the mapping A, Bj(j:l,a): X—=+X are assumed to be
strongly monotone and hemicontinuous from X to X with
domains the whole space X. Extension of the obtained results
to the case of n-parameter (n »3) is straightforward.

Moreover, treating each equation spérately we can extend our

results to examine two-parameter systems of the form

3 :
(e §;1\%ks el i = 10 N 1€ Ky, k=1,2.

. Theorem 3,1, Let X be a real reflexive Banach space and
" assume that the mappings A, Ej(j:I,E): X+X satisfy the
followingrconditions
(i) D(X) = D(B) = X,  j=1,2.
(ii) A(e8) = Bj(8) =8, j=1,2.
(iii) A ,Bj(jzl,a) are hemicontinuous mappings from X to X*.
(iv) 4, Bj(jzl,a) arevstrongly monotone with constants c,cj
3(j=1,2) respectively.
Then for every fGX* and \], \2{‘ R satisfying

2
(3.2) (c + 2 \. c.)>o0
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equation (3.1) has one and only one solution x € X,

Proof, Define a mapping T: X-#X* by
2
Tx:=A + ¥7 \.B.)x.
j=1 J J

We have by (i), T(8) = @,

. By condition (i), (iii) it follows that

D¢T) = D(A)

2
D(B,) = X,
j=1J

*
and T is hemicontinuous from X to X o Assume that \j(j:1,2)

are chosen such that (3,2) holds, then

J
2 | 2
2 (¢ + ) Xj CJ)llx-y]|, for all x,ye D(T).
J=1

2
(Tx=Ty,x~y) = (Ax=Ay,x-y) + 1 Xj (Bjx—Bjy,x—y)‘

Therefore, T is strongly monotone and hence strictly monotone
. *
. mapping from X to X . Furthermore, we have from (1i), (iv)
2
(Tx,%) = (Ax-26,%-0) + I ). (B.x-3.0,%-0)
=5 T N it
2 2
2(c + I, \j ;) lxiy.

J=1

If we define a function o : R%» R* by
2
< ixi) = (c+ ¥ \. c)nxy,
j=1 d

then, T is coercive from X to X*. Therefore by Theorem 2,1,
and 2.2, applied to the mapping T we have the required result,

Remark 3,1, - (1) Theorenm 2ele still valid if the constants
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Gy cj(j:1,2) are only assumed to be reél numbers,

(2) If the strong monotonicity of A is replaced by only
monotonicity assumption, then Theorem 3,1, still holds
provided that (3.2) is replaced by the condition

2
(3.3) ji; N e5>0.

(3) If all the mappings A, Bj(j:},a) are supposed to be
strictly monotone then, Theorem 3.1, still valid provided
that A, A, > 0.

(4) If all the mappings A, Bj(j:1,2) are assumed to be
monotone, then we still have existence of solution of
equation (3.1) provided \1, \2;(3 while uniqueness of solution
is not guaranteed, since in this case the mapping T is no
longer strictly monotone,

(5) Assumption (ii) of Theorem 3.1. can be dropped without :

-affecting the result of the theorem, by defining the mappings

A, By(3=1,2) = X=>X by

~

Ax = Ax - N6,

~

Bjx = Bjx - Bje, (J=152)

Ui Practical IExample

Consider the two-parameter Strum Liouville’s problem

for ordinary dafferntial equation of the form
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' , p-2, ; 4 p=-2
— .. (=ly(x)|” ¥(x)) + Z:l Xj aj(x)ly(x)l y(x):f,'xe[a,b]
J:

Subjec. to the hpmogenaoﬁs boundary condition

(4e2) v(b) = y(a) = 0,

where 32, Aje.R, a;, feCla,b] , j=1,2.
Let |
b .
L () = Su(x)' v(x) dx
a

be the natural pairing between u in X- Lp[a b1] and v in X Lq[a b ]
with q=p/(p=1) and define the mappings

A, Bj(3:1,2) : X>X asfollows
. p=2, .
Au = (-ld(x) | u(x)),

Bju = a. (x)lu(x)l u(x) (J=1,2).

. For ea 1 u, ve X we have
b Yo ’ o2

(Au-Av,u-v)= SL(Iu(x)l w()-1vix) 1T vix)) (u(x)=v(x)) dx
a 2,

Thus integ rating by parts we get

, , p-2 ’ ’ p=a ,
(Au-Av,u-v):S (lu(x) | u(x)=1v(x) 1™ V(x)) (U(x)=V(x)) dx

P p-1 , y =1 -, '
:\[ (Wd(x) [ sgn u(x)-lv(x)lp sgn v(x)) (dYx)-f?x)) dx
o A

Using the inequality

=] -]
s (x=y) (|x+u| sgn(x+u)-|y+u| sgn(y+u)) > lx-yl/a (51
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we get
b
. ' ’ p p—]
(Au=AV,u=v) }S:I u(x)=v(x)i|/2 dx
a

‘-Ilu(x)-v(x)lh/ap' >0

Therefore, A is strictly monotone mapping from X to X .
. Similarly,,we can prove that Bj(j=1,2) is a strictly monotone
: mapping from X to X*'when assuming that

Gy = min aj(x)> O.
Hence, equation (4.1) with the boundary condition (f4.2)
reduces to an equation of the form
2
aw + 70 \. B = feX*,
j=1 J J

which by Remark 3.1, (3) has for every element I‘€X3 exactly
one solution ue X prévided that )1, X2:>O.

5 s Concerning The Complex Case

Now we exfenq the resﬁlt of Theorem 3,1, by allowing
the Banach space X as well as the parametefs \1, \2 to be
complex., To, this end we intfoduce the following generlized
definitigns.

Let X be a complex Banach space, X its conjugate space

Ewith pairing between y in X and x in X denoted by (y,x) and
let T : X->X be the mapping with domain: D(T)c X. We denote
by Re(y,x) and Im(y,x) the real and imaginary parts of (y,x),

Tespectively,
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° . Dei nition 5,1, (1) The mapping T : X2 D(T)->X is said

to b monotone if
Re(Tx-Ty,x-y)>» O, for all x,ye D(T).
(2) T is said to be strictly monotone if
Re(Tx=Ty,x-y)> 0, for all x,ye D(T), xty.

(3) We call that T is strongly monotone if
’ 2
Re(Tx=Ty,x-y)> c llx=y|| , for some ¢ >0,

Definition 5.2, The mapping T : XX with domain the

whole space X is called coercive from X to X iff there exists
a continuous function - o : R'> R with o< (r)—>+w as r—>+o
and such that

Re(Tx,x) >o(IxIl).[Ix |, for all xe X.

We are now able to sfate the following theorem

Theorem 5,1, Let X be a complex reflexive Banach sSpace.

; Let‘ﬁ ;X=X be a monotone, coercive and hemicontinuous ;

" mappir - from X to X*, then the range of T is the whole space X*;
If in addition T is strictly monotone, then T is one-to-one,
Theorem 3,1, can aléo be extended to the following theorem

Theorem 5,2, Let X be a complex reflexive Banach Space,

and let A, Bj(j=1,2) : X=X be mappings such that
(1) D(K) = D(Bj) =X, (j=1,2).
E(ii) A(B) = Bj(e) =06, (j=1,2).
(iii) A is hemicontinuous from X to X",
(iv) a4, Bj(jfh,a) are strongly monotone from X to X with

constants c,'cj(j§1,2) respectively,
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‘(v) BJ(J=1,2) satisfies- a Lipschitz condition from X to X
with a Lipschitz constants Lj(j=1,2).

Then for every given element fG:X* the equation
2 *

(5.1) Ax + X”BJL=f£X, xeX, X,, \.eC
=1 J 73 . 1 2

has a unique solution X, e X provided that X gj % 1, 735 C,
: J=1,2. are such that

_
(5.2) ¢ + j}=:1 (ey &5 =15 7950, §i50, =12,

- Remark (i)' It \j(jz],a)e R, then the requirement that
the mapping B.(j:1,2) should satisfy Lipschitz condition can
be relaxed to requiring that B, (J 1,2) should be hemicontinuous
from X to X « The assertion of Theorem 5.2, then remains
valid provided that condition (5.2) is replaced by the
condition

2
+ 5 N\, c.>o0.
j=1 J J

(i1) If the mappinngj(J=1,a) are assumed to be linear, then
the requirement of Theorem 5.2. that Bj(j=1,2) should
satisfy a Lipschitz condition reduces to requiring that B, -

J
(j=1,2) should be bounded in X,
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