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ABSTRACT

The right circular cylinder (RCC) is an important geometric primitive that appears in many
applications. The coefficients of the RCC’s agebraic equation are caled algebraic
parameters. The algebraic parameters have no direct geometric meaning. The geometric
parameters of RCC are a vector giving the direction of its axis, a point to fix the axis position,
and a positive real number giving the radius of the cylinder. In this paper, an algorithm is
introduced to extract the geometric parameters of a RCC from its algebraic parameters. The
algorithm can also detect non RCC cases. Seven propositions are proved to make a solid
theoretical ground for the algorithm. The algorithm is tested on five cases and produces exact
results.

KEYWORDS: Algorithm, Right Circular Cylinder, Geometric Parameters, Algebraic
Parameters, Quadrics.
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1. INTRODUCTION

A right circular cylinder (RCC) is one of the most important geometric primitives used in
applications; a 95% of industrial objects can be described by spheres, planes, cones, cylinders,
andtori [Toony, Z. et a., 2015] and [Tran, T. et d., 2015].

The algebraic equation of aRCC asaquadricisgivenin[llyin, V.A. and Poznyak, E.G.,
1984] asfollows

Ax* + By* + Cz* + Dxy + Exz + Fyz +Gx + Hy +Iz+ ] =0 (1.2)

Where the coefficients 4 B, ...] €R | called the algebraic parameters, have little direct
insight to the geometry of the surface. The conditions, under which equation (1.1) represents a
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RCC, isgivenin[Mortenson, M.E., 1990]. The RCC is described by a set of parameters
called the geometric parameters. These parameters are; avector {4, 1. v} giving the direction
of its axis, a point (Xa, Vs, Za) to fix the axis position, and a positive real number & giving the
radius of the cylinder. The geometric equation of a RCC, in which the geometric parameters
appear, is given in [Pogorelov, A.V., 1980] as:

[Alx — xg) 4+ uly — vgd + viz — 217
AT 4 u? g2 (1.2)

r—xl + - )+ —z)* -~ R*=

In this paper, an algorithm isintroduced to extract the geometric parameters of a RCC from its
algebraic parameters. Also, the algorithm can detect non RCC cases.

In literature, cylinders are subject of active research in many directions. Computing Cylinders
from Minimal Sets of 3D Points [Beder, C. and Forstner, W., 2006], [Devillers, O. et al.,
2001] and [Lichtblau, D., 2012]. Finding the Smallest Enclosing Cylinders to a set of data
points [Watson, G.A., 2006], [Schomer, E. et a., 1996] and [Brandenberg, R. and Theobald,
T., 2004]. Cylindrical objects detection, recognition and extraction [Tran, T. et a, 2015],
[Figueiredo, R. et a., 2017], [Sarcar, M. et al., 2014], [Chaperon, T. and Goulette, F., 2001]
and [Rabbani, T. and Heuvel, F., 2005]. Fitting of a cylinder to a set of data points [Lukacs,
G. et a., 1998], [Al-Subaihi, I.A., 2016], [Nurunnabi, A. et a., 2017] and [Kwon, S. et d.,
2003]. In al thiswork, the geometric parameters of acylinder play a central role.

The remaining of the paper is arranged as follows: section 2 is devoted to comparing
coefficients of the algebraic and the geometric equations, section 3 is devoted for extracting
the components of the axis direction-vector, section 4 is devoted for extracting the coordinates
of apoint on the RCC’s axis, in section 5 the radius of the RCC is extracted, in section 6 the
proposed algorithm is introduced, section 7 is devoted for testing cases, and section 8 is
devoted for conclusion. In the rest of this paper, cylinder means aright circular cylinder.

2. BASIC RELATIONSBETWEEN PARAMETERS
Expanding equation (1.2), theresult is
W2+ v+ AT+ v3 D + A%+ p®2® - 204100y — 200z — 200vdvz +

2[Aluye +vzg) — (W? +vixglx + 2[uldxg +vz) — (A% +v¥mly +

2[vidacg + pve) — (A + 0 )zglz + (0 + v oed + (A% +v3d + (A% 4 p0®)zd -

2(Apu)xcg Ve — 2(v)xgze — 20V)yeze — (AT + p* +vIRT =0 (2.1

Comparing the coefficients of equation (1.1) and equation (2.1):

A=p*+2* B=AF4v? =14 (2.2)

D=—-2ip  E=-24v F =—2uv (2.3)

G = —20u* + v¥x, + 2Auy, + 24vz, (2.4)

H = 2pdxy, - 204* + v¥ + 2pvz, (2.5)

I = 2vidxg + 2vuy, — 2(3% + u*)z, (2.6)

J=0* +v3) + A% + 308 + (A% 4 1®)z3 - 2Apx vy — 2Avc gz - 2pvyyz, - (A% + p* +v*IR?
(2.7)

3. EXTRACTING THE AXISDIRECTION-VECTOR
In propositions (3.1) and (3.2), the cases in which the RCC’s axisis parallel to one of the
principal axes, are analysed.
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Proposition (3.1):

For theRCC Ax* + By* + Cz* + Dxy + Exz + Fyz + Gx + Hy + Iz + ] = 0 \pjth axis
direction {4 1. v} if D=E =F =0 thenthecylinder axisis parallel to one of the principal
axes.

Proof: Substitute 2 = E = F =0 in equations (2.3) then

Ap=0  Av=0_ = w=0 (3.1)
and since 4 1.V can’t be all zeros simultaneously, then the solution of system (3.1) is one of
the following cases:

casel: A#0  p=0  v=0 b thecylinder axisisparalel to the x-axis,
case2: A=0 wu#0  v=0 p thecylinder axisisparald to the y-axis,
case3: A=0 pu=0  v#0 p thecylinder axisisparallel to the z-axis"

Proposition (3.2):
For theRCC Ax* + By* + Cz* + Dxy + Exz + Fyz + Gx + Hy + Iz + ] = 0 \\jth axis
direction {4 v} et D=E=F =0 then:
Casel: IfA=0 and B=C >0 thenA=¥B=+C pu=0 v=0
Case2: IfB=0 andA=C=>0 thenA=0 u=VvA=vC v=0
Case3: IfC =0 andA=B >0 thend=0 p=0 v=vi=+E
Note 1: If the conditionsin case 1, case 2, or case 3 are not satisfied then multiply the
cylinder ’s equation by (-1) and reconsider.
Note 2: The positive sign of the roots is taken but the negative sign can equally be used.
Proof:
Case 1. The positivity of B and C are direct consequence of equation (2.2).
Substitute A =0 and 5 = C in equations (2.2) then
F: +V= =0 o —v=0
A pvi=A% 4% (pi-vi=0 H
Substitute from equation (3.2) in equations (2.2) then 4 = VB =+C
Case 2 and case 3 can be proved by asimilar manner ™
The cases, where the RCC’s axisis parallel to one of the principal planes, are treated in
propositions (3.3) and (3.4).

(3.2)

Proposition (3.3):

For the RCC Ax* +By® + Cz* + Dxy # Exz + Fyz + Gx + Hy + Iz + ] =0 _f ope of the
coefficients D, E, and F is not equal to zero and the other two are identically zeros, then the
RCC’saxisis parallel to one of the principal planes.

Proof:

Casel: DT 0,E=F=0.

Substitute in equations (2.3) for D , E, and F, then

Il mtO0 P | *0andm! 0.

| n=0 P n=0 sincel * 0.

mn=0 P n=0since m! 0.

Thusl 1 0, m* 0, n=0 P theRCC’saxisisparalel tothe xy-plane.

Case 2 and 3 are proved similarly ~
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Proposition (3.4):

For theRCC Ax* + By* + Cz* + Dxy + Exz + Fyz + Gx + Hy + Iz 4+ ] =0 jthA=0
B>0 gnd € =0

Casel: if Dt 0,E=0,and F=0then4=vBE g =-signtDWA v =0  C=A+B, and
D? = 44B

Case2: if D=0, E1 0,and F=0thenA=V¥C p=0 v=-signEWA

B=A+C gndE*=4AC

Case3:if D=0,E=0,and F! Othen4=0 pu=+C v=-sign(FWE

A=B+C andF*=4BC

Proof:

Case 1. proposition (3.3) casel P n=0.

Substitute n=0inequations (2.2)p A=p* B=2* =4 +pu* p A=1+B
p=+vA andC=A+B

Using D = —24 1 to fix the signs and without loss of generality, let 4 = YB  then
u=-signiDNA gnd D* = 44B

Case 2 and case 3 can be proved by asimilar manner ™

The next two propositions are devoted for processing the case where the RCC’s axisisin
genera positions.

Proposition (3.5):

For theRCC 4x* + By* + Cz* + Dxy + Exz + Fyz + Gx + Hy + Iz + ] = 0 \\jth axis
direction {4, i, v} if PEF <0 then

signfl) = -sign(F) sign{u) = -sign(E) gnd signlv) = -sign(D)

Proof:

DEF < 0 p sign(D)sign{E)sign(F)= — (3.3)
=-21 m b sggn(l) sign(m =- sign(D) (3.4
=-21 n b g€gn(l)sign(n) =-sign(E) (3.5

F=-2mn b sign(m sign(n) = - sign(F) (3.6)

Multiply equation (3.3) by sign{D? p
[sign(DIP sign(E)sign(F)= —sign(D) p

signE)sign(F)= — sign(D) (3.7
Similarly, it can be proved that:

sign{ D)sign{F) = — sign(E) (3.8)
sign{ Dsign(E) = — sign(F (3.9)

Substitute from equation (3.7) in equation (3.4) b
sign(l ) sign(m = sign(E) sign(F) (3.20
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Substitute from equation (3.8) in equation (3.5) b

sign(l ) sign(n) = sign(D) sign(F) (3.11)
Substitute from equation (3.9) in equation (3.6) b
sign(m sign(n) = sign(D) sign(E) (3.12

equations (3.10 — 3.12) and equation (3.3) b
sign(l ) = - sign(F), sign(m = - sign(E), sign(n) = - sign(D) ~

Proposition (3.6):

For theRCC 4x* + By* + Cz* + Dxy + Exz + Fyz + Gx + Hy + Iz + ] = 0 \pjth axis
direction {4, i, v} if DEF < 0 (—A+B+C)=0 ’I:A—B-FC:I} 0 and
(A+B —C)> 0 thenthe RCC’saxisisin general position with

-A+B+C A-B+C A+B—-C
——  u=-sign(E) ——— v = —sign(D)
2 4 2 ,and 4 2

A= -sign(F) 1.|

Note: if the conditionsin the proposition are not satisfied then multiply the RCC’s equation
by (-1) and reconsider.
Proof: Solving equations (2.2) for | 2, nf , and n? then

A:_—A+B+C , A—-B+C , A+B-C
= 2 R T2 ,and ¥ T T 2
Using proposition (3.5) then

- A+ B4 C A—FB4+C A+ B —-C
A=-sign(F} ——— p=-sign(E) ——— v = -sign{D) }J—
. 2 : J 2 , and 4 2

4. EXTRACTING A POINT ON THE RCC’SAXIS
In this section, the coordinates *a, ¥a, and Za of apoint on the cylinder axisis determined. It
is clear that there are infinity of points on the axis, any one of them can be used.

Proposition (4.1):

[fAx* +By*+Cz* + Dxy + Exz + Fyz + Gx + Hy + Iz + ] = 0 j53 RCC with axis
direction {4, i, v}, then AG + uH +vI =10

Proof: Using equations (2.4-2.6) for ¢ , # | and ! respectively, then

| G+mH+nl=1 [-2(f+n?) x+2 myo+2l nzl+ni2ml xo—2(1 >+ n?) yo + 2 rm z)
+n[2nl xo+ 2nmyo— 2(I % + nf) ], expand the right hand side and simplify, the result is
obtained ”

Now, return to determining *a, ¥s, and Zs keeping in mind the result of proposition (4.1),
that is, AG + pH +vI =0

Solving equations (2.4), (2.5), and (2.6) simultaneously for *e, ¥s, and Ze using Gauss-
Jordan elimination:
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[ G
—IC,LLE + 1,2:] Au Av 3
H
Ap —[«12 +v2:l v > ~
I
—(22 2 <
Av v (A% +u?) >
A (A* +v3)G + AuH
10 —— = = =
v —2v3(A% 4 u2 +v3)
o AuG + H{u? +v®)
0 1 —— : ~
v —2v30A% + u® +07)
(u? +v2)(AG + pH +vD)
00 o0 —
2v(A® + pu? +v3)
A . (AP +v¥G + AuH
1 0 —-—— = — = =
V —2v3(A? + u? +v3)
0 1 _# - AuG + Hu® +v?)
Vo =2vE(AR 4l 4 v3)
0 0 o0 0
WhereV# 0
The system has infinity of solutions as expected. The solutions are:
. =%z _AuH + (A* +v3)G T _AuG + Hp® +v¥)
ST M Ty E NP RS , A0 Tl gy ot 4T , Zg = Zg (4.1)

Where Zo isan arbitrary real number.
Similarly, with different pivoting, two different sets of solutions are obtained.

Under the condition 4 # © the following set of solutionsis obtained
i vl + (A% + u*H v _ pvH + A% +v3U
243007 + pu? 4 vT) (4.2)

Xo =% | Yo =7 %o 21308 + u? +v7) Z0=7 %0

Where *a isan arbitrary real number.
and under the condition & # 0 the following set of solutions is obtained

A Avl + (A% + p*)G v AvG + (p® +v3Y
Xg=—V¥og— FTo = — Va —
Tt 2u3AR 4 pt +07) Yo = Yo, Tt 2R3 4t +v3) (4.3)

Where Ye isan arbitrary real number.
The equations (4.1 — 4.3) will be simplified by setting the arbitrary values to zeros and using
AG + sH +vi=10 -

Casel: A#+0
= uG — AH o = vG — Al
Xa=0 , 7% 2407 +p?4vd) O 2]002 4 p® +v7) (4.4)
Case2: 1+ 0
. = AH — uiG . vH — ul
T 2u(AP+pt+v) | ¥ =0 ® 7 2u(A® + p? +v3) (4.5)
Cae3: v+ 0
Al — v il —vH

Xp = - - = Yo & - = -

2v(A% + pu? +v3) 2v{A% + p® +v3) Zp =0 (4.6)

5. EXTRACTING THE RADIUSOF THE RIGHT CIRCULAR CYLINDER
Theradius B will be obtained by solving equation (2.7) for R*:
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_ W v + A2 130 + A% 4+ 2l - 24 g v — 2Avagzg — 2uvygze - ]

R* . . .
A4 pt v (5.1)

WhereA* + pu* +v3+0

6. THE PROPOSED ALGORITHM
In the algorithm, the symbol “&” is used for the logical operator “AND”.

START

¢ Step 1 Input the algebraic parameters.

INPUT 4. B,C,D,E,F,G,H,1,J

“ Step 2: Extracting 4 , # , and v

| =0: m=0: n=0

FOR k=1TO2

IED=0 Q E=0 g F=0gA=0gb5>=08C>0¢gE=C
THEN 4=¥C :p=0:v=0

ELSEIED =0 Q E=0 g F=0 g E=0 g A=0 g C >0 A=C
THEN A=0: p=v4 v=0

ELSEIFDP =0 g E=0 F=0 g C=0gA=0 gE5>=0 g A=F
THEN 4=0 ;: p=0 : v=+E

ELSEIF D1 0& E=0 & F=0 g A=0 g E5>0 & (>0
THEN A=+B - u=-sign(DWA -v=10

ELSEIFP=0 & E1 Q& F=0 gA>0 g E=0¢gC =0
THEN 4=VC ; p=0 . v=-sign(ENA

ELSEIFD=0 g E=0 g F108&4>0 & 5>0 g C>0
THEN 2=0 : p=+C . v=-sign(FWEB

ELSEIFDEF <0 g (—A+B+C)>0 g (A—B+C)>=0 g

(A+B—-C)=0

-A+EF+C A-EFE+C

A= -signlF) p= —sign(E) { .

THEN 4 2
A4+ B —-C
2

v = -sign(D) |

ELSE A=-4 :B:—B :C:—C :D:—D :E:—E :F:—F :G:—G :
H=-H:1=- ]=-]
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ENDIF

NEXT k

IFI =0 & m=0& n=0 THEN OUTPUT “ Not aRCC” and STOP
¢ Step 3: Extracting *a, Yo, and Za

|IF AG +puH +vI # 0 THEN OUTPUT “Not a RCC” and STOP

IFA#0 THEN
_ uG — AH _ viG — Al

Xg =10 Yo = 2ACAT 4 p? +v7) Zo = 2AGAT + 2 4+ v7)
ELSEIF ## 0 THEN

= AH — uG . vH — ul

© T 2u( + p? + V) Ya=0 ;7% 2u(i® +p +v7)
ELSEIFv# 0 THEN
Al —vG ul —vH

Ko o

T2 + uF ) T EE V) z,=0
ELSE OUTPUT “Not aRCC” and STOP

ENDIF

¢ Step 4: Extracting R

IF(%+nf+n)10 &
[ + v + A2 +v3F + 0% 4 u®)zd — 2Auxg vy — 2Avxgzy — 2uvigze —J1> 0

THEN

(® +v3xd # (A% +v3 v + (A% + 1™z - 2Auxgye - 2Avxgzg — 2uvyezy —
N A* +p® vt

ELSE OUTPUT “Not aRCC” and STOP

ENDIF

¢ Step 5: Output the geometric parameters

OUTPUT 4 i,V %y, Vo, Zo, R

STOP

R=

7. TESTING CASES

7.1.Casel

x2+vi-4=0 p

A=1 B=1 C=D=E=F=G=H=1=0 ]=—4,

D=E=F=0 (=0 A>0 B>0 A=F p theaxisispardle tothe Z -axisand
A=0 pu=0 wv=+B=1

AG + pH +vI=0 gngv=1#0 p
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v = pul —vH —0
=>11-nG)/[2n(12+nf+n)]=0 , ~° 2v(B+u*+v?) , Zo=0

(1?+nf+n®) =11 0and

[e® +vid + (A% + vy + (A% + ™)z — 2Apuxgyy — 2Avagzy —20vyze —J1 =4>0 P

R (e + v + (2 40303 + U + p®)22 - 24y, — 2Ava 2 — 2uvyz, - |
A 4+ p? 40t =2

See Figure (7.1).

7.2.Case?2

13x* 4+ 10y* + 5z —4xy —6xz — 12yvz —56 =0 p

A=13 B=10 C=5 D=-4 E=—6F=-12 G=H=I1=0 ]|=-56
DEF=-288<0  (-A+B+(C)=2>0  (A-B+(C)=8>0  and
A+B -C)=18>0 p theaxisisingenera position with

-A+B+C A—B +C
,1=—sigﬂ[F]1|T=1 'EZ_SLIHH[E]-JTZE g
) , an
. A+B-C
v=—5Lgn[D]“|T= 3
AG + uH +vi=0 gndv=3+#0 p
Al —vG wl —vH

Xp Yo

- 2v{A® 4 us +v=}: - 2viA® 4 3 +v=]:
(1?2+nf+n®) =141 0 and

[ #v3)d + A +v¥vs + (A% + u®)zd — 2Auxs Ve — 2AvaZa — 2UVVaZa —J1 = 56> 0

. Jm: + v:]xg + 0% + v:]},: + 042 ¢ “5]2;: — zj,‘uxn}rn - th’xnzn — 2UVVeZg— ] =

A% 4?0t

See Figure (7.2).

7.3.Case 3

392x% + 596v% + 596z% — 560xy — 560xz — 392yz + 6048x — 5112y — 3528z + 15127 =0
b A=392 B=596 C =596 D=-560 E=—560,F=-392 G =6048

H=-5112 [I=-3528 [=15127

DEF = —122931200<0 (-A+B +C)=800>0 (A-B+C)=392>0 gnd

A+B-C)=392>=0 p theaxisisingeneral position with

-A+ B+ C A —-B+C
A=-signlF} |—— =20 p=-sign(E) |——— = 14
: 2 : : 2 , and
A+F -C
v= —sigﬂ[D]_JT= 14
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AG + uH +vi=0 gndA=20+#0 p
B uG — AH _ B vG — Al _
X =0 }F"_z,l[,l=+p:=+1’=]_5'g ’ z"_z,l[,l=+p:=+1’=]_
(I?+nf+n%=7921 0 and
[e® #v3)cd + (A% +v¥vd + (A% + p®)z8 — 2Apuxgye — 2AvxgZe — 2uv¥ezZe —J1 = 8507 > 0

4.9

R j{pf +v g + A% + vy + (A% + 6™z — 2Aux, vy — 2Avxgzg - 2UuVyeZe — J

T 1 2 77 3.295
A2+ 00
See Figure (7.3).
7.4. Case4

x2T+yvi+z¥-1=0 p

A=B=C=1 D=E=F=G=H=I=0 J=-1

D=E=F=0 andnooneof 4,5 orC isequa tozerob Not acylinder.
7.5. Case 5

x¥4yi-z3i=0 p

A=1 B=1C=-1 D=E=F=G=H=I=]=0

D=E=F=0 andnooneof 4,5  orC isequa tozerob Not acylinder.

7.6. Summary of thetest cases
The test cases are summarized in Table (7.1).

Table (7.1): Summary of the Test Cases

CaseNo. | 1| 2 3 4 | 5
Parameters
A 113 | 392 1|1
B 1|10 | 596 1|1
C 0| 5 596 1|-1
D 0O(-4]-50 |00
E O|-6]-50 | 0] 0
F 0(-12] -392 | 0 | O
G 0O 0|]6048 | 0] O
H 00 |-b112, 0] O
! 00 |-3528| 0| O
] -41-56|15127 | -1 | O
I 01 20
m 0| 2 14 Ol o
n 1] 3 14 &) &D
Xg 0] 0 0 © | ©
Yo 0] 0 5.9 g g
Zp 0] 0 49
R 2| 2 | 3295
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7.7. Demonstration Figuresfor some of the test cases.
The following figures demonstrate the first three test cases.

4
2
z 0
-2
-4
A
-4 74
-z\ 2
7
0 0
¥ 2 \/ 2 X
4 4
Figure (7.1): Demonstration of Test Case 1.
1
-0

SRR

Figure (7.2): Demonstration of Test Case 2.
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20W

10>

20 20

Figure (7.3): Demonstration of Test Case 3.

8. CONCLUSION

A right circular cylinder is one of the most important geometric primitives used in
applications. In literature, cylinders are a subject of active research in many directions.
Among them, computing cylinders from minimal sets of 3D-points, finding the smallest
enclosing cylinders to a set of data points, cylindrical objects detection, recognition and
extraction, and fitting a cylinder to a set of data points. In all this work, the geometric
parameters of a cylinder play a centra role.

Theright circular cylinder is described by a set of parameters called the geometric parameters.
These parameters are: a vector {4, 14, v} giving the direction of its axis, a point (¥a, Va.Za) to
fix the axis-position, and a positive rea number ® giving the radius of the cylinder. The
algebraic equation of aright circular cylinder, as a member of quadric surfaces, is given. The
coefficients of the algebraic equation are called the algebraic parameters. The algebraic
parameters have no direct geometric meaning. The geometric equation of the RCC isgiven, in
which the geometric parameters appear explicitly. The coefficients of the algebraic and
geometric equations are compared resulting-in ten equations. The geometric parameters are
expressed in terms of the algebraic parameters in three stages. In the first stage the
components of the axis-direction vector is obtained after proving six propositions. In the
second stage the coordinates of a point on the axis is obtained after proving a proposition and
then solving three equations under some conditions. Three sets of solutions are obtained and
only one of them is used according to the case considered. In the third stage the radius of the
cylinder is obtained.

Finaly, the proposed algorithm is introduced. The algorithm’s input is the algebraic
parameters while its output is the geometric parameters. A two-cycle loop is used to allow for
using the algebraic parameters in the case of multiplying the RCC’s algebraic equation by
minus one. The possible spatia positions of a RCC are summarized in seven cases. Three
cases when the axis is paraléel to one of the principal axes, three cases when the axis is
parallel to one of the principa planes, and a case when the axis is in general position. Each
case appears in the agorithm through an IF-statement. The algorithm is tested on five cases
including non-RCC cases. The results were exact.
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