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ABSTRACT 
In this paper the problem of draining a heavy clay layer of low hydraulic conductivity over-lying 
an impermeable layer is treated mathematically by means of a combined system of pipe and mole 
drains. The complex potential, the stream functions, and the velocity potential are provided.   New 
discharge formulas for both tile and mole drains are established.  Formulas for calculating the 
velocity components at any point are provided.  Effects of the different variables, the top clay cap 
thickness below drain center ,D, mole drain diameter ,d2, height of water above tile  drain center 
midway between two successive tile drains, H, mole spacing ,a, and the vertical distance between 
tile drains and mole drains ,b, are studied. 

يقدم ھذا البحث نظام جديد من أنظمة الصرف يھدف إلى  تحسين كفاءة الصرف ل�راضى الطينية الثقيل�ة الت�ي تعل�و 
طبق��ة م��ن الترب��ة غي��ر المنف��ذة ونل��ك  باس��تخدام نظ��ام الم��صارف الم��شكلة كم��صارف م��ساعده للم��صارف المغط��اة 

فع5 و فى ھذا البحث تم التوصل إلى معاد2ت رياض�ية عام�ة ت�ربط ب�ين الم�صارف المغط�اة والم�صارف الموجودة 
كم�ا ت�م اس�تنتاج مع�ادلتين ) .Φ( ودال�ة الجھ�د) Ψ( ودالة السريان) ω( المشكلة المساعدة 7يجاد دالة الجھد المركب

كم��ا ت��م ااس��تنتاج . (Qm)  والم��صارف الم��شكلة الم��ساعدة (Qt)جدي��دتين للت��صرف لك��ل م��ن الم��صارف المغط��اة 
ويناقش البحث ت�أثير المتغي�رات المختلف�ة عل�ى الت�صرفات الناتج�ة م�ن ك�ل .  معادلتين لحساب السرعة عند أى نقطة

وھ�ذه المتغي�رات ھ�ى وعم�ق طبق�ة الترب�ة أس�فل خ�ط مراك�ز .مصرف من المصارف المغطاة و الم�صارف الم�شكلة
 وارتفاع المياه في منتصف الم�سافة ب�ين م�صرفين d2)( قطر المصارف المشكلة المستحدثة) D(اة المصارف المغط
 والم�سافة الرأس�ية ب�ين خ�ط الم�صارف الم�شكلة  (a)والمسافة اCفقي�ة ب�ين الم�صارف الم�شكلة) H(أساسين متتاليين 

  (b).المساعدة وخط المصارف المغطاة 
Keywords: Tile drainage, Mole drainage, subsurface drainage 
 

1. INTRODUCTION  

The direct aim of drainage systems in humid regions 
is to lower the moisture content of the upper soil 
layers so air can penetrate more easily to the roots. 
This also facilitates the transport of carbon dioxide 
(Co2) produced by roots, microorganisms and 
chemical reactions is facilitated. 

The need to keep productivity of agricultural soil led 
over a century ago to the use of subsurface drains 
properly spaced and dimensioned to give perfect 
control of the subsoil water level. Generally, 
subsurface drainage system is extensively used for 
draining agricultural land to increase land 
productivity and to save existing cultivated areas. 
The covered drainage system is regarded as the ideal 
system for drainage. It secures the maximum benefit 
with the minimum overall cost. The most important 
systems of covered drains are tile, plastic and mole 
drainage systems. Mole drains system is the cheapest 
and the simplest mean for draining agricultural lands 
(1, 2 & 3). 

In the present paper, the problem of draining a heavy 
clay layer of low hydraulic conductivity over-lying 
an impermeable layer is treated mathematically by 
means of a combined system of pipe and mole drains. 
Figure 1 represents the geometry of the problem. 

2. BASIC ASSUMPTIONS AND BOUNDARY 
CONDTIONS 

The basic assumptions that were put forward were as 
follow: 
1- Tile drains are running full but mole drains are 
running nearly empty. 
2- Tile drains are equal in strength (M) and also, 
mole drains are equal in strength (m). 
3- The soil is regarded as homogeneous and 
isotropic.   
4- On the free water surface, the pressure is 
atmospheric. 
5- The normal gradient of θ disappears along the 
vertical lines of symmetry, Fig. (1).  
6- The dotted vertical lines of Fig. (1) are lines of 
symmetry and therefore, no flow occurs across them. 
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3. HYDRODYNAMICAL ANALYSIS  

The flow pattern may be simulated by assuming two 
rows of drains.  The first raw consists of an infinite 
number of equal distant mole drains represented by 
equidistant sinks the strength of each = m.  The 
second raw consists of an infinite number of equally 
spaced tile (pipe) drains represented by equally 
spaced sinks the strength of each = M. 

The complex potential of equally spaced sinks that 
represent pipe drains, Fig. 2, is given by: 

L

z
M

πω sinln1= +c1   (1)

Where: 

 M = point sink strength, 
 Z = x + i y= complex coordinate, 
 L = spacing between tile drains, 

 1−=i  and  c1 = a real constant. 

For simplicity let us start with considering three 
additional tile drains installed within the spacing L, 
The complex potential of them may be written as.  

( ) ( )ibaz
L

Inmibz
L

Inm −−+−= ππω sin.sin.2

( ) 2sin. cibaz
L

Inm +−++ π  
(2)

Where: 
m = point sink strength, 
b = vertical spacing between lines of tile drains and 
additional mole drains, 
a = spacing between sinks and 
c2= a real constant. 
 
 
 
 
 
 
 
 
 
 

 

Fig. 1 Geometry of problem 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

Fig. 2 Mathematical model  

To represent the lower impervious layer it might be 
considered as a mirror and hence it might be replaced 
by the images of imaginary sinks shown in Fig. 2. 
The complex potential of fictitious sinks of strength 
M is represented as follows: 

( ) 32sin.3 ciDz
L

InM ++= πω  (3)

Where c3 = a real   constant. 

The complex potential of fictitious sinks of strength 
m is given by:  

( )ibiDz
L

InM ++= 2sin.4
πω  

        ( )ibaiDz
L

Inm −−++ 2sin.
π

 

         ( )ibaiDz
L

Inm ++++ 2sin.
π

 +c4             (4)  

Where   C4   =    real   constant 

Therefore,   the   complex   potential   of   the   
system is obtained simply by adding complex   
potentials (1) through (4) 

5ω = 1ω + 2ω + 3ω + 4ω +C5                                 (5) 

Where   C5   =   real   constant 

Substituting   z = x + iy,   

In which:   1−=i  , and   simplifying: 
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Substituting ω = Ф + i Ψ 

Where, 

Ф= velocity   potential   and Ψ =stream function  

Equating real to   real    and   imaginary to imaginary 
on   both   sides   of   the   above   equation   and   
simplifying we   get: 
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In which:   n = ((L/a)-1)/2 

 

4. VELOCITY CONSIDERATIONS 

The velocity   components   at   any   point in   the    
flow   field   are given   by: 

u = x∂Φ∂− /                                                           (9) 

v y∂Φ−∂= /                                                         (10) 

        In   which u and v are the velocity components 
in the X and y directions respectively.        
     Differentiating Eq. (7) partially, with respect to x 
and simplifying; the   horizontal velocity   component   
u, will lead to: 
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Similarly, differentiating Eq. (7) partially with 
respect to y and simplifying, the vertical velocity 
component v, will lead to: 
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5. DISCHARGE   FORMULAS  

The   velocity    potential   of    flow, Ф,   might   be   
put    in   this form:  

Ф = k[p / (ρg+y)]                                                   (13)     

        Where K = the hydraulic conductivity of soil, 
P= gauge pressure, ρ = density of drained water, g = 
acceleration due to gravity and y = vertical 
coordinate of a point.  

From Eqs . (7) and (13), we get: 
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Applying Eq. (14) at point G (0,d/2) ,one obtains.        
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The mole drain is assumed to run nearly empty.  
Applying   Eq.(14) to point A (0, b-d1/2) at the mole 
drain bottom, the following is obtained: 
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Applying Eq. (14) to point F (L/2, H) on the free 
water surface, Fig. 1, it   follows. 
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The above equations may be rewritten as follows:  

K (d1/2) = Mδ 1 + m ( 2δ + 3δ )+ 5C             (18) 

K (b –d2/2) =Mδ 4 + m ( 5δ + 6δ ) + 5C        (19) 

K (H) =   M 7δ + m ( 8δ + 9δ ) + 5C                (20) 

Where: 
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From Eqs. (18) and (20) we get: 

K (H-d1/2) = M ( 7δ - 1δ ) 

                  +m (δ 8+δ 9-δ 3-δ 2)                     (21) 

Also, from Eqs. (19) and (20) we get    

K (H-b+d2/2) = M (δ  7-δ  4) 

                     +m (δ  8+ δ 9- δ 5+ δ 6)             (22) 

The above equations may be again rewritten as, 
Kx1= M   η1 + m η 2                                             (23) 

K x2   = M   η3   +m   η 4                                      (24) 

Where: 

x1= (H –d1/2  )                                                                   

x2 =(H - b +d2/2) 

η1=  δ  7- δ 1 

η2=  δ  8+ δ 9 -δ  3- δ 2 

η3=  δ  7- δ 4 

η4=  δ  8+ δ 9 -δ  5-δ 6 

The strength M is given by: 

M = K θ                                                               (25) 

Substituting from (25) into (23) and solving for m 
yields: 

m=K(x1 - η1θ )/ η2                                            (26) 

Substituting from (25) and (26) into (24) and solving 

for θ yields: 

θ = (x1η4 - x2η2)/(η1η4 - η2η3)                        (27) 

 

1δ
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If the water table exists in the upper soil layer above 
the mole drains, the discharge reaching each unit 
length of mole drain is given by:  

Qm=   2π k(x1 - η1θ )/ η 2                                (28) 

Also, the discharge reaching each unit length of tile 
drain is given by: 

Qt=  2π kθ                                                         (29) 

 

6. EFFECT OF THE VARIOUS PARAMETERS 
ON THE DRAIN DISCHARGE 

It was found from Eqs. (28) and (29) that the 
discharge per unit length of tile drain or mole drain is 
affected by certain parameters such as b, H, D,…. 
…..ect. 

In the following, we shall discuss the effect of the 
principal parameters on the discharge per unit length 
of tile drain and the discharge per unit length of mole 
drain. 

A. Effect of the soil thickness, D, 

Figure 3, illustrates the effect of the top clay cap 
thickness below tile drains on the discharge per unit 
length of both tile drains and mole drains.  It is 
evident that the discharge per unit length of tile 
drains increases by 29% as the top clay cap thickness 
increases by 200 % (from 6m to 18m).  Also, the 
discharge per unit length of mole drains decreases by 
96% as the top clay cap thickness increases.  From 
Fig. 3, it is evident that the discharge of the mole 
drains is affected more by increasing soil thickness 
than the discharge of tile drains.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3 Discharge ratio of tile drains and mole drains 
versus D/H ratio(a=9m) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Discharge ratio of tile drains and mole drains 
versus the effective head ratio,H/d1 
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Fig. 5 Discharge ratio of tile drains and mole     
drains versus the vertical distance ratio, b/d1 

 
B. EFFECT OF THE WATER HEAD, H, 
 
Figure 4 illustrates the relationship between the 
discharge the water table height. As the water head, 
H, increases the discharge per unit length of both tile 
drains and mole drains increases, which should be 
expected since H represents the effective head 
causing flow towards tile drains and mole drains. 
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C. EFFECT OF THE VERTICAL DISTANCE, b,  
 
The effect of increasing the depth of tile drains below 
mole drains, b, on drains discharges is shown in Fig. 
5. It is evident that as b increases, mole drains 
discharge per unit length significantly decreases 
because the effective head acting on mole drains, H, 
decreases.  on the other hand a slight increase in tile 
drains discharge per unit length occurs as b increases.  
 
D. EFFECT OF THE MOLE DRAINS 
SPACING, a, 
 
The effect of mole drains spacing, a, is illustrated in 
Fig. 6. From Fig. 6, it is evident that when mole 
drains spacing decreases by 80% (from 15m to 3m), 
the discharge per unit length of mole drains decreases 
by 73%, but the discharge per unit length of tile 
drains increases by 6%.  Also, the total discharge for 
the system of mole drains and tile drains is increased 
by 13%. 
 
E. EFFECT OF THE MOLE DRAINS 
DAIMETER, d2,  
 
Figure 7 represents the relationship between the 
discharge ratio of both tile drains and mole drains 
versus the mole drains diameter, d2.  From Fig. 7, it 
is clear that the rate of change of the discharge of 
both mole drains and tile drains increase with 
increasing the mole drain diameter.  When mole 
drains diameter increased from 0.02m to 0.1m, the 
mole drain discharge per unit length is increased by 
23%, but the tile drain discharge per unit length is 
increased by 0.2% only and the total discharge for 
the system of mole drains and tile drains is increased 
by 5%. 
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Fig. 6 Discharge ratio of tile drains and mole drains 

versus the number of mole drains, N 
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Fig. 7 Discharge ratio of tile drains and mole drains 

versus mole diameter ratio d2/d1 
 

7. CONCLUSIONS 

Anew improvement for an existing tile drainage 
system using mole drains to protect an agricultural 
heavy clay layer of low hydraulic conductivity over-
lying an impermeable layer is established in this 
paper. The complex potential, the stream function, 
and the velocity potential are provided using the 
theory of complex functions and the theory of 
images.   New discharge formulas for both tile and 
mole drains are established.  Formulas by means of 
which velocity components at any point nay be 
calculated are provided.  Effects of the different 
variables, the top clay cap thickness below drain 
center ,D, mole drain diameter ,d2, height of water 
above tile  drain center midway between two 
successive tile drains, H, vertical distance between 
mole drains and tile drains (b)and the spacing 
between mole drains (a) are studied.  Graphs are 
provided to illustrate the relation between the 
discharge per unit length of drain and each of the 
involved parameters.  From the above relations, it is 
clear that the best economical achievement occurs 
when the small vertical distance, b, is used. 
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APPENDIX  NOTATION 
 
The following symbols have been adopted for use in 
the paper: 
a = spacing between two successive mole drains, 
b= vertical spacing between lines of tile drains and 
mole drains, 
Co2=carbon dioxide 
D= depth of clay layer below the tile drain,  
d1= drain diameter for tile drains, 
d2= drain diameter for mole drains, 
         g= acceleration due to gravity, 
  H= height of water table above tile drains at the 
        mid point, 

i= 1− , 
k= hydraulic conductivity of soil, 
L= spacing between two successive tile drains, 
M= strength of a point sink representing a tile drain, 
m= strength of a point sink representing a mole 
        drain, 
  n= quantity = [(L/a)-1]/2, 
P= pressure at any general point (x,y), 
Qm = discharge reaching each unit length of mole 
drains, 
Qt= discharge reaching each unit length of tile drains, 
qm= discharge ratio of mole drains=Qm/(k*d1), 
qt= Discharge ratio of tile drains=Qt/(k*d1), 
q total = total discharge ratio of the   
              system=qt+(L/a)qm, 
u= velocity component in the x direction, 
v= velocity component in the y direction, 

ω = complex potential = ψi+Φ , 
(x ,y)= coordinates of any point in the field of  
            seepage, 
z= complex number = (x + iy), 
Ф = velocity potential, 
Ψ = stream function, and 
 ρ= Water density 
 

 


