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Abstract

In this paper, an algorithm is introduced to serve in
two tasks. The first is to extract the geometric
parameters of a right circular cylinder from the
coefficients of its algebraic equation. The second is to
identify right circular cylinders from other quadrics
given by an algebraic equation; that is, the algorithm
can be used as a cylinder/not a cylinder classification
tool. The algorithm is tested on a number of cases and
its powerful is proved.
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1. Introduction

A right circular cylinder is one of the most important
geometric primitives used in applications; a 95% of
industrial objects can be described by spheres, planes,
cones, cylinders, and tori [1, 2].

Right circular cylinders are members of a larger family of
surfaces, called quadrics. So, its algebraic equation takes
the form [3]

Ax? + By? + Cz* + Dxy + Exz + Fyz + Gx + Hy +
Iz+]=0 (1)

Where the coefficients A4, B, ...,J] € R, have little direct
insight to the geometry of the surface. The conditions
under which equation (1) represents a cylinder is given in
[4], which is tedious. The proposed algorithm may be
used to answer the classification question; whether a given
quadric equation represents a right circular cylinder or
not. The right circular cylinder is described by a set of
parameters called the geometric parameters. These
parameters are: a vector {4, i, v) giving the direction of its
axis, a point (xg, Yo,2o) to fix the axis position, and a
positive real number R giving the radius of the cylinder.
The geometric equation of the circular cylinder, in which
the geometric parameters appear, is [5]:

Egypt.
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(x—x)*+ @ —y)*+(@z—2)*—R*=
[A(x—x)+u (y—yo)+v (z—20)]? )
A2 4242 2

The problems that will be addressed in this paper are how
to find the geometric parameters of a circular cylinder
from its algebraic equation, and how to identify a right
circular cylinder from other quadrics given by an
algebraic equation.

In literature, cylinders are subject of active research in
many directions. Computing Cylinders from Minimal Sets
of 3D Points [6, 7, 8]. Finding the Smallest Enclosing
Cylinders to a set of data points [9, 10, 11]. Cylindrical
objects detection, recognition and extraction [2, 12, 13,
14, 15]. Fitting of a cylinder to a set of data points [16,
17, 18, 19]. In all this work, the geometric parameters of a
cylinder play a central role.

It’s hoped that the algorithm introduced in this paper
enriches these efforts in two ways, first extracting the
geometric parameters of a right circular cylinder from the
coefficients of its algebraic equation, second identifying
the right circular cylinder from other quadrics defined by
the algebraic equation of quadrics.

The remaining of the paper is arranged as follows: section
2 is devoted to comparing coefficients of the algebraic
and the geometric equations, section 3 is devoted for
extracting the components of the axis direction-vector,
section 4 is devoted for extracting the coordinates of a
point on the cylinder axis, in section 5 the radius of the
circular cylinder is extracted, in section 6 the proposed
algorithm is introduced, section 7 is devoted for testing
examples, and section 8 is devoted for conclusion. In the
rest of this paper, cylinder means a right circular cylinder.



2. Comparing Coefficients of the Algebraic and the
Geometric Equations

Expanding equation (2), it takes the form
W +vHx? 4+ (22 +v)y? + (A2 + )z = 2w xy —
2(W)xz = 2(uv)yz + 2[A(uyy + vzo) — (u* +
vAxolx + 2[u(Axg +vzo) — (22 +v¥)yoly +
2[v@xo + uyo) — (B + 1®)zplz + [(W? + v +
(A +v2)yg + (A + p?)z§ — 2 x0y0 — 2(Av)x92p —
2(uv)yozo — (A + p* +v*)R*] = 0
3)

Comparing the coefficients of equation (1) and equation
(3), then

A=p?>+v?, B=21+v?, C=21+u?
(4)
D=-=-2Au, E=-=21v, F =-=2uv

(5)
G = —2(u% +vH)xy + 2Auy, + 2Avz,

(6)
H = 2ulxy — 2(2% +v¥)y, + 2uvz,

(7
I = 2vaxy + 2vuy, — 2(A% + u?)z,

(®)

J =W +vAxg + (B +v2)y§ + (A + p?)zf -
2uxyy — 2Avxozy — 2uvyezo — (A2 + u? + v?)R?
©))

3. Extracting the Components of the Axis Direction-
Vector

In this section, the components A, u, and v will be
extracted. Solving simultaneously equations (4), then

2= =4 [FEEE (A4 B+C0) 20
(10)

2= sy =4 [ (A-B+0)20
(11)

v2=A+‘29‘C=>v=i\W,(A+B—C)zo
(12)

A use is made for equations (5) to fix the signs of 4, p,
and v since there are eight possibilities. Let the positive 1
be denoted by 4, and the negative A by A_ and similarly
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with y and v, then use the following table to find the
correct values.

Table 1: Determining A, y, and v

Al uw | v | |Auw|Av|iu|-D/2|—-E/2 | —F/2
Ay lpy | vy
Ay | My | V-
Ay fpu | vy
Ay lu | v
A lpy vy
A_ | py | v
A p_ | vy
A | u_ | v_

The correct values are those in row(s) in which the middle
three columns are matched with the last three columns.
There will be two matches since a vector with opposite
sense can also be used.

4. Extracting the Coordinates of a Point on the
Cylinder Axis

In this section, the coordinates x,, ¥y, and z, of a point on
the cylinder axis is determined. It is clear that there are
infinity of points on the axis, any one of them can be used.
Solving equations (6), (7), and (8) simultaneously for x,
Yo, and z, using Gauss-Jordan elimination:

—(u? +v?) A v G/2
A (22 +v?) uv H/2| ~
Av ny -2 +u? 1/2
[ (22 +v¥)G +AuH ]
1o - —2v2(22 4+ pu? +v?)
0 1 _H* . G + H(p? +v?)
—2v2(A% + u? +v?)
u? +v®)(AG + uH + vI)
000 2v(A% + pu? +v?)

where v # 0 and A% + u? + v? # 0. The system has no
solution. The only way to force the system to have infinity
of solutions, as expected, is to set

AG +uH +vI=0

(13)
and thus the solutions are:

o =2, uH +(224v2)6 —r, G +H(u?+v?)
0=, 70 2v2(A24u24v2) 2 Yo = v 70 2v2(A24p24v2) 2
ZO = ZO

(14)

where z, is an arbitrary real number. Similarly, with
different pivoting, two different sets of solutions are
obtained: Under the conditions A # 0, A2 + u? +v? # 0,
and AG + puH + vl = 0. The following set of solutions is
obtained.




_ _u /,tv1+(/'lz+u2)H _v
Xo = Xg » yO_sz_ 2/12(12_*_”2_*_1}2)3 ZO_IxO_

uvH +(/12+v2)1
222(A% +p2+v?2)

(15

where x, is an arbitrary real number and under the
conditions p # 0, A% + u? + v # 0, and

AG+uH +vIi=0
The following set of solutions is obtained

x _ 4 Av1+(12+u2)6 _ Z0 = v
0 " Yo 2#2(2.2+;42+V2) > Yo Yo» 0 u Yo
WG +(u2+v2)I
2u2(A24pu24v2)

(16)

where y, is an arbitrary real number.
The equations (14 — 16) will be simplified by setting the
arbitrary values to zeros, using AG + uH + vl =0, and
202+ +v¥®) =A+B+C#0:

Case1: 1+ 0
=0 _ MG—AH _ve-A
Yo=Y, Yo = 1ais+0) 20 = Ja+B+0)
(17)
Case2: u#0
_ AH—uG _ _ VvH—ul
Xo = assie 0 0T 0, 20 = J(a+B+0)
(18)
Case3:v+0
_ AU—G _ u—-vH _
% =S 0 Y0 T varsrn 0 =0
(19)

5. Extracting the Radius of the Right Circular
Cylinder

The radius R will be obtained using:

2
R? = o, (Ax3 + By¢ + Cz + Dxyyo + Exgzo +
Fyozo —])

(20)
6. An Algorithm for Finding the Geometric

Parameters of a Right Circular Cylinder, and for the
Classification a Cylinder/not a Cylinder

The condition of solvability stated in equation (13),
AG+uH+vI=0 , can be expressed using the
coefficients of the algebraic equations by utilizing
equations (4 , 5) as follows

DEG + DFH + EFI = 0
e2))
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The Algorithm

START

Step 1: Input the coefficients of the algebraic equation;
A,B,C,D,E,F,G,H,I,]J

Step 2: Determining A, U, and v

If(~A+B+C)<0 OR (A-B+(C)<0

OR (A+B —C) <0 then output “ Not a
Cylinder” and Stop
Else
A=+ TAYBHC [~a+B+c .
2 2
A-B+C
Hy =+ >
A-B+C ’A+B—C
U-=— S Y+ = + > :
A+B—C
v o=—
2
End If
Fill in the following table
Alp |l v | Au|Av|pu | -D/2 | —E/2 | —F/2
Ay lpy | vy
Ay | My | V-
Ay lpu vy
Ay | p_ | v
A luy vy
A py v
A_lp_ vy
A | u_ | v_

Find the matches between the middle three columns and
the last three columns then A =-: =+ : v =

If there is no matching then output “Not a cylinder” and
stop

Step 3: Determining x,, y,, and z,

If A+B+C#0andAG + uH +vI =0 then

If 1+ 0 then

—0 _ MG G
%o = Yo = Jass+e) 20T Jassio)
Else if u # 0 then
_ AH—uG _ . _ VvH—ul
*o = ass+0) Yo=0 : 2= 1(A+B+C)
Else If v # 0 then
_ A6 . _ W —vH 70 =0
%o = Jarer0 Yo = Jass+0) 0=

Else

Output “ Not a cylinder” and stop
End if

Else

Output *“ Not a cylinder” and stop

End if



Step 4: Determining R

If

2 (Axg + By¢ + Cz3 + Dxyy, + Exyzg

>
A+B+C +F_'yOZO -]/ ) 2 0 then

R =

m(Axg + Byoz + CZg + onyo + ExOZO + Fy()ZO —])

Else

Output “Not a Cylinder” and stop
End if

Step 5: Output A, U, v, Xg, Vo, Zg, R
END

7. Testing Examples

7.1. A simple case

x2+y?—4=0.

Applying the algorithm, the results are:

A=0, u=0 v=1, x,=0,
R =2.

y0=07 ZOZO’

7.2. A medium case

13x? + 10y% + 52z% — 4xy — 6xz — 12yz — 56 = 0
Applying the algorithm, the results are:
A=1, u=2, v=3, x,=0,
R =2.

y0=09 ZO=0a

7.3. A hard case [20]

392x% + 596y + 596z% — 560xy — 560xz — 392yz
+ 6048x — 5112y — 3528z + 15127
=0
Applying the algorithm, the results are:
A=20, u=14, v =14, xo =0,
zZo =49, R = 3.295.

Yo =59,

7.4. Not a cylinder case

A unit sphere: x2 +y2 +2z2—-1=0.
Applying the algorithm, the results are:

A=u=v=41/N2 = Au=Av=puv+0, whereas
oo _E__F_g
2 27 27

There is no matching = not a cylinder.
7.5. Another not a cylinder case
Acone:x?+y?—22=0.

Applying the algorithm, the results are:
A is imaginary = not a cylinder.
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8. Conclusion

A right circular cylinder is one of the most important
geometric primitives used in applications. In literature,
cylinders are a subject of active research in many
directions. Computing cylinders from minimal sets of 3D
points. Finding the smallest enclosing cylinders to a set of
data points. Cylindrical objects detection, recognition and
extraction. Fitting a cylinder to a set of data points. In all
this work, the geometric parameters of a cylinder play a
central role. The right circular cylinder is described by a
set of parameters called the geometric parameters. These
parameters are: a vector {4, i, v) giving the direction of its
axis, a point (xg, Yy, Zo) to fix the axis position, and a
positive real number R giving the radius of the cylinder.
The algebraic equation of a right circular cylinder, as a
member of quadric surfaces, is given and its geometric
equation. The coefficients of the two equations are
compared resulting-in ten equations. The geometric
parameters are expressed in terms of the coefficients of
the algebraic equations in three stages. In the first stage
the components of the axis-direction vector is obtained
using a table to account for the signs of the components in
such a way that the results satisfy six equations. In the
second stage the coordinates of a point on the axis is
obtained through solving three equations that are
incompatible and to solve the incompatibility, three
conditions are set on the coefficients of the three
equations, then three sets of solutions are obtained and
only one of them is used according to the case considered.
In the third stage the radius of the cylinder is obtained.
Finally, the proposed algorithm is introduced. The
algorithm serves in two ways. The first way is in
extracting the geometric parameters of a right circular
cylinder from the coefficients of its algebraic equation.
The second way is in identifying the right circular
cylinder from other quadrics defined by an algebraic
equation; that is, as a classification tool.
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