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Abstract 

In this paper, an algorithm is introduced to serve in 

two tasks. The first is to extract the geometric 

parameters of a right circular cylinder from the 

coefficients of its algebraic equation. The second is to 

identify right circular cylinders from other quadrics 

given by an algebraic equation; that is, the algorithm 

can be used as a cylinder/not a cylinder classification 

tool. The algorithm is tested on a number of cases and 

its powerful is proved. 
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11..  IInnttrroodduuccttiioonn  

A right circular cylinder is one of the most important 

geometric primitives used in applications; a 95% of 

industrial objects can be described by spheres, planes, 

cones, cylinders, and tori [1, 2]. 

Right circular cylinders are members of a larger family of 

surfaces, called quadrics. So, its algebraic equation takes 

the form [3] 

 

𝐴𝑥2 + 𝐵𝑦2 + 𝐶𝑧2 + 𝐷𝑥𝑦 + 𝐸𝑥𝑧 + 𝐹𝑦𝑧 + 𝐺𝑥 + 𝐻𝑦 +
𝐼𝑧 + 𝐽 = 0                                                                        (1) 

 

Where the coefficients 𝐴, 𝐵,… , 𝐽 ∈ ℝ, have little direct 

insight to the geometry of the surface. The conditions 

under which equation (1) represents a cylinder is given in 

[4], which is tedious. The proposed algorithm may be 

used to answer the classification question; whether a given 

quadric equation represents a right circular cylinder or 

not. The right  circular cylinder is described by a set of 

parameters called the geometric parameters. These 

parameters are: a vector  𝜆, 𝜇, 𝜈  giving the direction of its 

axis, a point (𝑥0 , 𝑦0 , 𝑧0)  to fix the axis position, and a 

positive real number 𝑅 giving the radius of the cylinder. 

The geometric equation of the circular cylinder, in which 

the geometric parameters appear, is [5]: 

 

 𝑥 − 𝑥0 
2 +  𝑦 − 𝑦0 

2 +  𝑧 − 𝑧0 
2 − 𝑅2 =

 𝜆 𝑥−𝑥0 +𝜇 𝑦−𝑦0 +𝜈 𝑧−𝑧0  
2

𝜆2+𝜇2+𝜈2                                                  (2) 

 

The problems that will be addressed in this paper are how 

to find the geometric parameters of a circular cylinder 

from its algebraic equation, and how to identify a right 

circular cylinder from other quadrics given by an 

algebraic equation. 

 

In literature, cylinders are subject of active research in 

many directions. Computing Cylinders from Minimal Sets 

of 3D Points [6, 7, 8]. Finding the Smallest Enclosing 

Cylinders to a set of data points [9, 10, 11]. Cylindrical 

objects detection, recognition and extraction [2, 12, 13, 

14, 15].  Fitting of a cylinder to a set of data points [16, 

17, 18, 19]. In all this work, the geometric parameters of a 

cylinder play a central role. 

 

It’s hoped that the algorithm introduced in this paper 

enriches these efforts in two ways, first extracting the 

geometric parameters of a right circular cylinder from the 

coefficients of its algebraic equation, second identifying 

the right circular cylinder from other quadrics defined by 

the algebraic equation of quadrics.  

 

The remaining of the paper is arranged as follows: section 

2 is devoted to  comparing  coefficients of the algebraic 

and the geometric equations,  section 3 is devoted for 

extracting the components of the axis direction-vector, 

section 4 is devoted for extracting the coordinates of a 

point on the cylinder axis, in section 5 the radius of the 

circular cylinder is extracted, in section 6  the proposed 

algorithm is introduced, section 7 is devoted for testing 

examples, and section 8 is devoted for conclusion. In the 

rest of this paper, cylinder means a right circular cylinder. 
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2. Comparing Coefficients of the Algebraic and the 

Geometric Equations  

Expanding equation (2), it takes the form 

 

 𝜇2 + 𝜈2 𝑥2 +  𝜆2 + 𝜈2 𝑦2 +  𝜆2 + 𝜇2 𝑧2 − 2 𝜆𝜇 𝑥𝑦 −

2 𝜆𝜈 𝑥𝑧 − 2 𝜇𝜈 𝑦𝑧 + 2 𝜆 𝜇𝑦0 + 𝜈𝑧0 −  𝜇2 +

𝜈2 𝑥0 𝑥 + 2 𝜇 𝜆𝑥0 + 𝜈𝑧0 −  𝜆2 + 𝜈2 𝑦0 𝑦 +

2 𝜈 𝜆𝑥0 + 𝜇𝑦0 −  𝜆2 + 𝜇2 𝑧0 𝑧 +   𝜇2 + 𝜈2 𝑥0
2 +

 𝜆2 + 𝜈2 𝑦0
2 +  𝜆2 + 𝜇2 𝑧0

2 − 2 𝜆𝜇 𝑥0𝑦0 − 2 𝜆𝜈 𝑥0𝑧0 −

2 𝜇𝜈 𝑦0𝑧0 −  𝜆2 + 𝜇2 + 𝜈2 𝑅2 = 0                                                                                                                                     

(3) 

Comparing the coefficients of equation (1) and equation 

(3), then 

 

𝐴 = 𝜇2 + 𝜈2,     𝐵 = 𝜆2 + 𝜈2 ,      𝐶 = 𝜆2 + 𝜇2                                        

(4) 

 

𝐷 = −2𝜆𝜇 ,      𝐸 = −2𝜆𝜈 ,       𝐹 = −2𝜇𝜈                                               

(5) 

 

𝐺 = −2 𝜇2 + 𝜈2 𝑥0 + 2𝜆𝜇𝑦0 + 2𝜆𝜈𝑧0                                                      
(6) 

 

𝐻 = 2𝜇𝜆𝑥0 − 2 𝜆2 + 𝜈2 𝑦0 + 2𝜇𝜈𝑧0                                                        
(7) 

 

𝐼 = 2𝜈𝜆𝑥0 + 2𝜈𝜇𝑦0 − 2 𝜆2 + 𝜇2 𝑧0                                                         
(8) 

 

𝐽 =  𝜇2 + 𝜈2 𝑥0
2 +  𝜆2 + 𝜈2 𝑦0

2 +  𝜆2 + 𝜇2 𝑧0
2 −

2𝜆𝜇𝑥0𝑦0 − 2𝜆𝜈𝑥0𝑧0 − 2𝜇𝜈𝑦0𝑧0 −  𝜆2 + 𝜇2 + 𝜈2 𝑅2                                                                                                                     
(9) 

 

3. Extracting the Components of the Axis Direction-

Vector  

In this section, the components 𝜆 , 𝜇 , and 𝜈  will be 

extracted. Solving simultaneously equations (4), then 

 

𝜆2 =
−𝐴+𝐵+𝐶

2
⇒ 𝜆 = ± 

−𝐴+𝐵+𝐶

2
  , (−𝐴 + 𝐵 + 𝐶) ≥ 0                           

(10) 

𝜇2 =
𝐴−𝐵+𝐶

2
⇒ 𝜇 = ± 

𝐴−𝐵+𝐶

2
  ,      (𝐴 − 𝐵 + 𝐶) ≥ 0                             

(11) 

 

𝜈2 =
𝐴+𝐵−𝐶

2
⇒ 𝜈 = ± 

𝐴+𝐵−𝐶

2
  , (𝐴 + 𝐵 − 𝐶) ≥ 0                                 

(12) 

 

A use is made for equations (5) to fix the signs of 𝜆, 𝜇, 

and 𝜈 since there are eight possibilities. Let the positive 𝜆 

be denoted by 𝜆+and the negative 𝜆 by 𝜆− and similarly 

with 𝜇  and 𝜈 , then use the following table to find the 

correct values. 

 

Table 1: Determining 𝜆, 𝜇, and 𝜈 

 

𝜆 𝜇 𝜈 𝜆𝜇 𝜆𝜈 𝜇𝜈 −𝐷/2 −𝐸/2 −𝐹/2 

𝜆+ 𝜇+ 𝜈+       

𝜆+ 𝜇+ 𝜈−       

𝜆+ 𝜇− 𝜈+       

𝜆+ 𝜇− 𝜈−       

𝜆− 𝜇+ 𝜈+       

𝜆− 𝜇+ 𝜈−       

𝜆− 𝜇− 𝜈+       

𝜆− 𝜇− 𝜈−       

 

The correct values are those in row(s) in which the middle 

three columns are matched with the last three columns. 

There will be two matches since a vector with opposite 

sense can also be used.  

 

4. Extracting the Coordinates of a Point on the 

Cylinder Axis  

In this section, the coordinates 𝑥0, 𝑦0, and 𝑧0 of a point on 

the cylinder axis is determined. It is clear that there are 

infinity of points on the axis, any one of them can be used. 

Solving equations (6), (7), and (8) simultaneously for 𝑥0, 

𝑦0, and 𝑧0 using Gauss-Jordan elimination: 

 

 

−(𝜇2 + 𝜈2) 𝜆𝜇 𝜆𝜈 ⋮ 𝐺/2

𝜆𝜇 −(𝜆2 + 𝜈2) 𝜇𝜈 ⋮ 𝐻/2

𝜆𝜈 𝜇𝜈 −(𝜆2 + 𝜇2) ⋮ 𝐼/2

 ∼ 

 
 
 
 
 
 
 1 0 −

𝜆

𝜈
⋮

 𝜆2 + 𝜈2 𝐺 + 𝜆𝜇𝐻

−2𝜈2(𝜆2 + 𝜇2 + 𝜈2)

0 1 −
𝜇

𝜈
⋮

𝜆𝜇𝐺 + 𝐻(𝜇2 + 𝜈2)

−2𝜈2(𝜆2 + 𝜇2 + 𝜈2)

0 0 0 ⋮
(𝜇2 + 𝜈2)(𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼)

2𝜈(𝜆2 + 𝜇2 + 𝜈2)  
 
 
 
 
 
 

 

 

where 𝜈 ≠ 0  and 𝜆2 + 𝜇2 + 𝜈2 ≠ 0 . The system has no 

solution. The only way to force the system to have infinity 

of solutions, as expected, is to set 

  

𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼 = 0                                                                                   
(13) 

 

and thus the solutions are: 

 

𝑥0 =
𝜆

𝜈
𝑧0 −

𝜆𝜇𝐻 + 𝜆2+𝜈2 𝐺

2𝜈2 𝜆2+𝜇2+𝜈2 
  ,  𝑦0 =  

𝜇

𝜈
 𝑧0 −

𝜆𝜇𝐺 +𝐻 𝜇2+𝜈2 

2𝜈2 𝜆2+𝜇2+𝜈2 
  ,   

𝑧0 = 𝑧0       
(14) 

 

where 𝑧0  is an arbitrary real number. Similarly, with 

different pivoting, two different sets of solutions are 

obtained: Under the conditions  𝜆 ≠ 0 , 𝜆2 + 𝜇2 + 𝜈2 ≠ 0, 

and 𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼 = 0. The following set of solutions is 

obtained. 
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𝑥0 = 𝑥0  ,  𝑦0 =
𝜇

𝜆
 𝑥0 − 

𝜇𝜈𝐼 + 𝜆2+𝜇2 𝐻

2𝜆2 𝜆2+𝜇2+𝜈2 
 ,  𝑧0 =

𝜈

𝜆
 𝑥0 −

 
𝜇𝜈𝐻 + 𝜆2+𝜈2 𝐼

2𝜆2 𝜆2 +𝜇2+𝜈2 
       

(15) 

 

where 𝑥0  is an arbitrary real number and under the 

conditions  𝜇 ≠ 0, 𝜆2 + 𝜇2 + 𝜈2 ≠ 0, and  

 

𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼 = 0 
 

The following set of solutions is obtained 

 

𝑥0 =
𝜆

𝜇
 𝑦0 −

𝜆𝜈𝐼 + 𝜆2+𝜇2 𝐺

2𝜇2 𝜆2+𝜇2+𝜈2 
 ,  𝑦0 = 𝑦0,   𝑧0 =

𝜈

𝜇
 𝑦0 −

𝜆𝜈𝐺 + 𝜇2+𝜈2 𝐼

2𝜇2 𝜆2+𝜇2+𝜈2 
       

 (16) 

 

where 𝑦0 is an arbitrary real number. 

The equations (14 – 16) will be simplified by setting the 

arbitrary values to zeros, using  𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼 = 0, and 

2 𝜆2 + 𝜇2 + 𝜈2 = 𝐴 + 𝐵 + 𝐶 ≠ 0 : 

Case 1: 𝜆 ≠ 0 

 

𝑥0 = 0 ,       𝑦0 =
𝜇𝐺−𝜆𝐻

𝜆(𝐴+𝐵+𝐶)
 ,        𝑧0 =

𝜈𝐺−𝜆𝐼

𝜆(𝐴+𝐵+𝐶)
                                      

(17) 

 

Case 2: 𝜇 ≠ 0 

 

𝑥0 =
𝜆𝐻−𝜇𝐺

𝜇(𝐴+𝐵+𝐶)
  ,     𝑦0 = 0 ,        𝑧0 =

𝜈𝐻−𝜇𝐼

𝜇(𝐴+𝐵+𝐶)
                                      

(18) 

 

Case 3: 𝜈 ≠ 0 

 

 𝑥0 =
𝜆𝐼−𝜈𝐺

𝜈(𝐴+𝐵+𝐶)
  ,        𝑦0 =

𝜇𝐼−𝜈𝐻

𝜈(𝐴+𝐵+𝐶)
  ,       𝑧0 = 0                                   

(19) 

 

5. Extracting the Radius of the Right Circular 

Cylinder 

 

The radius 𝑅 will be obtained using: 

 

𝑅2 =
2

𝐴+𝐵+𝐶
 𝐴𝑥0

2 + 𝐵𝑦0
2 + 𝐶𝑧0

2 + 𝐷𝑥0𝑦0 + 𝐸𝑥0𝑧0 +

𝐹𝑦0𝑧0 − 𝐽          
(20) 

 

6. An Algorithm for Finding the Geometric 

Parameters of a Right Circular Cylinder, and for the 

Classification a Cylinder/not a Cylinder 

 

The condition of solvability stated in equation (13), 

𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼 = 0 , can be expressed using the 

coefficients of the algebraic equations by utilizing 

equations (4 , 5) as follows 

 

𝐷𝐸𝐺 + 𝐷𝐹𝐻 + 𝐸𝐹𝐼 = 0                                                                          

(21) 

 

The Algorithm  

START 

Step 1:  Input the coefficients of the algebraic equation; 

𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽 
Step 2: Determining 𝜆, 𝜇, and 𝜈  

If  −𝐴 + 𝐵 + 𝐶 < 0    OR   𝐴 − 𝐵 + 𝐶 < 0  

OR  𝐴 + 𝐵 − 𝐶 < 0  then   output “ Not a 

Cylinder” and Stop 

Else 

𝜆+ = + 
−𝐴+𝐵+𝐶

2
   :  𝜆− = − 

−𝐴+𝐵+𝐶

2
  :  

 𝜇+ = + 
𝐴−𝐵+𝐶

2
   

  𝜇− = − 
𝐴−𝐵+𝐶

2
  :    𝜈+ = + 

𝐴+𝐵−𝐶

2
   : 

  𝜈− = − 
𝐴+𝐵−𝐶

2
    

End If 

Fill in the following table 

𝜆 𝜇 𝜈 𝜆𝜇 𝜆𝜈 𝜇𝜈 −𝐷/2 −𝐸/2 −𝐹/2 

𝜆+ 𝜇+ 𝜈+       

𝜆+ 𝜇+ 𝜈−       

𝜆+ 𝜇− 𝜈+       

𝜆+ 𝜇− 𝜈−       

𝜆− 𝜇+ 𝜈+       

𝜆− 𝜇+ 𝜈−       

𝜆− 𝜇− 𝜈+       

𝜆− 𝜇− 𝜈−       

 

Find the matches between the middle three columns and 

the last three columns then   𝜆 = ⋯ :  𝜇 = ⋯  :   𝜈 = ⋯  

 

If there is no matching then output “Not a cylinder” and 

stop 

Step 3: Determining 𝑥0, 𝑦0, and 𝑧0  

If   𝐴 + 𝐵 + 𝐶 ≠ 0 and 𝜆𝐺 + 𝜇𝐻 + 𝜈𝐼 = 0  then 

If  𝜆 ≠ 0 then 

𝑥0 = 0    :    𝑦0 =
𝜇𝐺−𝜆𝐻

𝜆(𝐴+𝐵+𝐶)
    :    𝑧0 =

𝜈𝐺−𝜆𝐼

𝜆(𝐴+𝐵+𝐶)
  

 

Else  if  𝜇 ≠ 0 then 

𝑥0 =
𝜆𝐻−𝜇𝐺

𝜇(𝐴+𝐵+𝐶)
     :    𝑦0 = 0    :   𝑧0 =

𝜈𝐻−𝜇𝐼

𝜇(𝐴+𝐵+𝐶)
 

 

Else If  𝜈 ≠ 0 then 

𝑥0 =
𝜆𝐼−𝜈𝐺

𝜈(𝐴+𝐵+𝐶)
    :   𝑦0 =

𝜇𝐼−𝜈𝐻

𝜈(𝐴+𝐵+𝐶)
    :   𝑧0 = 0 

 

Else 

 

Output “ Not a cylinder” and stop 

 

End if 

 

Else 

 

Output “ Not a cylinder” and stop 

 

End if 
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Step 4: Determining 𝑅 

 

If  

 
2

𝐴+𝐵+𝐶
 
𝐴𝑥0

2 + 𝐵𝑦0
2 + 𝐶𝑧0

2 + 𝐷𝑥0𝑦0 + 𝐸𝑥0𝑧0

+𝐹𝑦0𝑧0 − 𝐽
 ≥ 0  then 

 

𝑅 = 

 
2

𝐴 + 𝐵 + 𝐶
 𝐴𝑥0

2 + 𝐵𝑦0
2 + 𝐶𝑧0

2 + 𝐷𝑥0𝑦0 + 𝐸𝑥0𝑧0 + 𝐹𝑦0𝑧0 − 𝐽  

 

Else 

 

Output “Not a Cylinder” and stop 

 

End if 

 

Step 5: Output  𝜆, 𝜇, 𝜈, 𝑥0, 𝑦0, 𝑧0, 𝑅  

 

END 

 

7. Testing Examples 

 

7.1. A simple case 

 

 𝑥2 + 𝑦2 − 4 = 0. 

Applying the algorithm, the results are: 

𝜆 = 0,     𝜇 = 0,     𝜈 = 1,     𝑥0 = 0,     𝑦0 = 0,     𝑧0 = 0,    

𝑅 = 2.  

 

7.2.  A medium case 

 

13𝑥2 + 10𝑦2 + 5𝑧2 − 4𝑥𝑦 − 6𝑥𝑧 − 12𝑦𝑧 − 56 = 0 
Applying the algorithm, the results are: 

𝜆 = 1,     𝜇 = 2,     𝜈 = 3,     𝑥0 = 0,     𝑦0 = 0,     𝑧0 = 0,    

𝑅 = 2.  

 

7.3. A hard case [20] 

 

392𝑥2 + 596𝑦2 + 596𝑧2 − 560𝑥𝑦 − 560𝑥𝑧 − 392𝑦𝑧
+ 6048𝑥 − 5112𝑦 − 3528𝑧 + 15127
= 0 

Applying the algorithm, the results are: 

𝜆 = 20,    𝜇 = 14,    𝜈 = 14,    𝑥0 = 0,    𝑦0 = 5.9,    

𝑧0 = 4.9,    𝑅 ≈ 3.295.  

 

7.4.  Not a cylinder case 

 

A unit sphere: 𝑥2 + 𝑦2 + 𝑧2 − 1 = 0 . 

Applying the algorithm, the results are: 

𝜆 = 𝜇 = 𝜈 = ±1/ 2    𝜆𝜇 = 𝜆𝜈 = 𝜇𝜈 ≠ 0 , whereas 

−
𝐷

2
= −

𝐸

2
= −

𝐹

2
= 0 

There is no matching   not a cylinder. 

  

7.5. Another not a cylinder case 

 

A cone: 𝑥2 + 𝑦2 − 𝑧2 = 0 . 

Applying the algorithm, the results are: 

𝜆 is imaginary  not a cylinder. 

 

 

8. Conclusion 

 

A right circular cylinder is one of the most important 

geometric primitives used in applications. In literature, 

cylinders are a subject of active research in many 

directions. Computing cylinders from minimal sets of 3D 

points. Finding the smallest enclosing cylinders to a set of 

data points. Cylindrical objects detection, recognition and 

extraction.  Fitting a cylinder to a set of data points. In all 

this work, the geometric parameters of a cylinder play a 

central role. The right circular cylinder is described by a 

set of parameters called the geometric parameters. These 

parameters are: a vector  𝜆, 𝜇, 𝜈  giving the direction of its 

axis, a point (𝑥0 , 𝑦0 , 𝑧0)  to fix the axis position, and a 

positive real number 𝑅 giving the radius of the cylinder. 

The algebraic equation of a right circular cylinder, as a 

member of quadric surfaces, is given and its geometric 

equation. The coefficients of the two equations are 

compared resulting-in ten equations. The geometric 

parameters are expressed in terms of the coefficients of 

the algebraic equations in three stages. In the first stage 

the components of the axis-direction vector is obtained 

using a table to account for the signs of the components in 

such a way that the results satisfy six equations. In the 

second stage the coordinates of a point on the axis is 

obtained through solving three equations that are 

incompatible and to solve the incompatibility, three 

conditions are set on the coefficients of the three 

equations, then three sets of solutions are obtained and 

only one of them is used according to the case considered. 

In the third stage the radius of the cylinder is obtained. 

Finally, the proposed algorithm is introduced. The 

algorithm serves in two ways. The first way is in 

extracting the geometric parameters of a right circular 

cylinder from the coefficients of its algebraic equation. 

The second way is in identifying the right circular 

cylinder from other quadrics defined by an algebraic 

equation; that is, as a classification tool. 
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