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Abstract: .

In the paper, transient stability analysis of an N-machine power system is carried
out using the decomposition-aggregation via vector Lyapunov function method. It is
considered in the analysis, transfer conductances, non-uniform mechanicsl damping,
and generators flux decay effect. Each of the system generators is represented by a

more sophisticated model, that is, the one-axis model in which the generator internal
voltage component E'q is assumed to be changed with time. Note that, using the sta-

bility direct methods the voltage E'q is usually assumed, for simplicity, constant. The

mathematical model of the whole system is derived and is decomposed into [(N-1) /
3 ] cleventh-order interconnected subsystems, each of them includes three machines in
addition to the reference machine. The system ageregation is carried out using a const-
ructed vector Lyapunov function whose clements are scalar Lyapunov functions, each
in the form of " quadratic form + sum of the integrals of six nonfincar fimctions”. ¥t is
obtained a square aggregation matrix of the order {(N-1) / 3], and stability of this mat-
rix implies asymptotic stability of the system equilibrium.

In a numerical example, the developed stability approach is used to carry out
transient  stability studies of a 10-machine,}1-bus power system. The stability compu-
tations are catricd out assuming occurrence of a3 - phase short circuit fault near a
bus, and also for connection of a pulsating load to one of the system buses. In addition
it is assumed two composite fanlts defined as, disconnection of two tie-lines ( due to
false operation of circuit breakers near fault location), or addition of a pulsating load,
just after cleating a 3-phase short circuit fault  the faulted line is switched off ) at two
different locations. It is found that the developed stability approach is suitable and can
be casily used for practical, and on-line stability studies of large- scale power systems
(number of machines may be more than 10)

1., Introduction

The numerical integration methods used for power system stability analysis, ait-
ough very effective in handling different models, are very expensive in terms of com-
putation requirement. For this reason the research for a direct method has continued.
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The scalar Lyapunov function method appeared one of the most powerful methods
for stability studies of power systems [1]. However, this method did not seem suitable,
owing to the continuous increase in size and complexity of power systems, and in part-
icular when the problem of the stability domain estimate of the system is attacked [2].

Atterapts to overcome the drawbacks of the scalar Lyapunov approach have led to the .

decompesition-aggregation via vector Lyapunov function method. The expected adva-
ntages of the decomposition-aggregation method are, however, manifold [3] . On the
one hand, the Lyapunov funciion of a disconnected ( free ) low-order subsystem can
handle more sophisticated generator and transmission models. Further, an analytic ex-
pression of transient stability index may be derived, which can be a good basxs for
further investigations such as sensitivity analysis.

In the last two decades, the decomposition-aggregation method has been uscd
for stability analysis of large-scale power systems [4-13]. Itis to be noted that, the
power system stability analysis was camicd out in the papers {4-12] considering the
generator classical model (the internal voltage E' is assumed constant). However, this
is equivalent to neplecting the effect of penerators flux decays.

In the papers{14-17]. the transient stability analysis of muitimachine power systems
was carded out considering the flux decay effect . However, the authors introduced
different forms for the nsed scalar Lyapunov functions which were constructed under
the assumption that transfer conductances Gij , are all neglipible.

In the work [13], sach generator was represented by the two-axis model and
transter conductances were considered The system decomposition was carried out
asing the “two- machine” decomposition. The develo-ped approach was applied to a

3-machine, 4-bus power system.

Now. in the present paper an N-machine power system is considered, and the fhix
decay effect is taken into consideration { the generator voltage component E'g is ass-
umed to be changed with time). The system loads are represented by constant imp-
edances to ground, and then the system network is simplified by eliminating all the
nodes, except generators internal nodes. The sysiem mathematical medel (non-unif-
orm mechanical damping case is assumed and the transfer conductances are included)
is obtained, and is decomposed so that each free subsystem contains six ¢ the largest
number) nonlinearitics. Finally, asymptotic stability of the system equilibrivin is imp-
Yied by stability of an obtained (squarc ) apgregation matrix of the order [(N--1)/3 ].

2. Power system model

Consider an N-machine power system (the generator stator resistances are neg-
lected) with mechanical damping. Representing each machine by the one-axis model
{18]. in which the voltage component E'y is assumed to be changed with the time, the

absolute motion of the i-th machine is described by the following equations (scc
Notation) ‘

M, ai+Di 81 :pll’ilﬁ pr'l

lduu’L‘qarEﬁhqu: ! (th-'xdlj ldl (L)
where. M| and P are assumed constant. and P_; is given in the form.

,P‘,'i_' l;di Idle’q!Iq]"“(X'q!.. X'd! )Id} I‘,li .i;l.l......N (2)

it is fo be noted that, the veltage . |, is equal to ils pre-transient valuz: £ Hh , sincs
the effect of the automatic voltage regulator (AVR) has been neglected in the paper.
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Under the assumption X' =X’ ;. ( gencrators with solid cylindrical rotors are consi-
dered) we get[18]. .

. N . ' ' . o S -
Pei=% jL 1 ¥y Bl Eqjeos05-8,)~Eyysin @5 -8, )] £,

s =1
[Eyjeos(0 ;-8 )+E ;sing®,-5,)]} .i=1.2..N @

Now, sclecting the Nth machine as 2 comparison machine, and introducing the
following (3N-1) state variables

O iN _
®i = : Eq =E B, .i=12..N @
the overall system motion is governed by the state equations,

SiN—SQjN =N

On=0; - 0y=0y

. 2 o~

#1

5O +A 8;C )+ [E GE o Eqi(Eg+E )] cos (B
-8,)+[B yBqj-B 4 Eod sn (8; -3} ]

Eqi=-Ti Eg;r K Z;\;i‘fq[ﬁ ai [y @ -E ;8 0+ Eq;
sin(eij_sﬁ)] i=12,. N 5)
where
fij(o—ij) = €08 (0 ; + 0 gj—eij)—-cos(g ij- eij)
g,;(0;)=sin (6;+0,,-0,)- n@ ;-0 ) ®)
3. Power system decomposilion

The considered N-machine system is decomposed, in the paper, as follows:
1- All the system loads are represented by constant impedances to ground ( those
impedances are obtained fiom the pre-transient conditions in the svstem).
2~ Eliminating all the system nodes, except the gencrators internal nodes, it is
obtained the system Nth-order reduced admittance matrix Y.
3~ Referring to the obtained Y-matrix, the system is decomposed into { (N -1} /3 |
interconnected subsystems, each consisting of four machines one of them is the com-
parison machine [11] .
Now, defining the state vector X1 in the form

Xy =00 100> i » T D » Dy Oy , @y By LBy
EQlH‘?’EQN] :[XII,XIZ ’XIB" ----------------- 3 Xni ] (7)

we can decompose the mathematical model of the whole system (eqn. 5) into S =[( N

~1)73], cleverih-order interconnected subsystems, each can be written in the gencral
form

. T

Xi;=P X,+B,F, (6 )+h (X) ,0,=C,X; JI=12..5 @
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where P, , B, and C, arc constant matrices with appropriate dimensions, and F (o)
is a nonlinear vector fimction, whose clements are arbitrary chosen . 1t is to be noted
that each subsystem of Eq. (8) , can be decomposed into the free subsystem

L T
XI=P{XI+BIFI(0.I) 5 GI:CIXI ,I=1,2, ..... ,S (9)
and the interconnectons h (X)) .

Referring to Eqs. 5 and 7, the matrx P | is derived in the form
| ] I, -by O 3,4]

P =10 .3 P, -P

I
! T
I~ I

| |

|

: 04 =4 i -P 13 (10)

where, O and I are zero and identity (square) matrices, respectively, of the indicated
dimensions, and where :

T )
b, ={10,10,10] : P=diag{Ay . Ay, Ay, Ayl
P =disgfpi; , By o Bigg > Byl
P,=diagly , Ty Dy - Iy ] Q1)

Now, after expanding the free subsystem twenty-four fanctions, it is found that
there are at most six nonlinearities which satisfy the Lurie’s sector condition, and these
functions are given as,

F© ) =sin (0, #8\0 - sin B
S (@ ) =sin (0 iy +Suuﬂ,}q )-sind TN
S5 (Op) =sin{G jpn+ 8°i1+z,N )-sin 8 2N
SO =800 gt Soil,il-l-l) ~sin§ L+
J15(0 5 = SI(C jpp, 1+ Soiz,im) - sin Suil,im
S50 ) =50 (O gy st 8051+I,i1+2) ~ sin 80il+1,i1+2 (12)
Note carcfully that the six functions given by Eq.(12) , satisfy the following conditions
S ©=0 ; 06, fp ©x) <&, 6, k=126 (3)
on bounded intervals, where the positive constants ém may be determined as
Ex=l0fp @/ 00, |0 ,=0 k=12,.....6 a4

Now, assuming the six nonlinear functions of Eq.(12) o be the elements of Fy
we define the following matrices,

T
Fi@)=Upl0y) . I Op) Jis @) ] (15)
: .
T 13 | .
Cy=1{1 -1 o010, (16)
1o -y
0 1 e
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~ T
O IR 6
-d g0 D dy e d 42 0
0 d i 0 P 0 I
0 0 2,1 0 dn+:_ d LR
By d;, d,, d 0 0 0
Qugn O 0 G Yaim: 0
0 Qi w 0 o T 0 9 i1, u142
0 0 q 2w 0 Qe 9 iaim
B R e R S R 0 0 0 Q7|

where, O and O are zero matrices of the indicated dimensions and the follo-
wing constants are defined,
d =(Ay By - Ay G/ My ke,
dy;=(AyBy;+ A, G,;)/M, , k=i kel . jely
U =K (B g BB Gjp) » ki L kjely
Using Eqgs. (10,15 ~17), the free subsystem of eqn. 9 is completely defined.
Now, the interconnection ( vector ) matrix h (X) is obtained in the form

T
h(X)=[0.0,0,b, (X)), hy(X)eomn Dy (X)) a®)
where .
2 N . .
h[4(X)="(IM'I)[GH a X g tCyn (o P+Cy 4 (@ )+
+Cypiea fls@)+Z Sy Te {Ly *Xdej}]

DR 3!

h (X)=-(0M am)[G i+, i+ X 19 HC i w £ 120 1) *C e u i 14 (0 1)
{L XL 1

b (X )= -U/My,, )[Gﬂ+2. 2 & ;w*c AN fylonc T2 il I (‘5 15)
+Ciygin T O L S i 3 Lyt X leJJJ

jail+2

+(;1+11H2110(G 16) 2 11+1;

T‘
L y=al +1

. - \
B X) == UMGO[G g Xyt Copyg Tl 0+ Copy T O
ECNlHQfH(G{?)’ZS‘\i;*VN ! {LN +X11|Lu,j}]

L |
h}g(x) KsI[C;INtﬁ(G [|)+C|I i1 [4(614) 1I lI+2f 15(0- 15)
tZ 8- v L u.j]

iyt gl
h(X)= KEIH[C N ERO@ )t Cuaf WO w)* C oy i

n ~— H ~
£ @) *2 Sy~ Tlun LiI+l,j]
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by (X)= Ky [¢ 2N PO )+ C i Tis @ ) +C g
"~ o~ N —
fs(CE)t LS 27 5 s & iI+2,j]

By (X =Ky [C T O 0 i T 2 Cypypa 5 (0 )+

S NP
Note that X is given as$* ];Ig_ ‘& and the following constants are defined ,

I:kj={(]:3:Q1.+ﬁ qj) €08 (0 4+ 3°kj—?kj)+§: 2;50 (0 3 6°k5—9kj)}ij
L= Eg; Yy; sin(0 ,;+9%;- 0, “
Sy =Y AL T O+ Ay By (0 ))

Sy=Yi { B 4fy; 04— B ;84 O} . ke Jng
Cj=Akj O™ A g By
Cj=E 4j0kTE j By k=j, k., jely (20)

In Eq. (19), the following nonlinear function are defined ,
f o) =cos(Oy y+8 ) -cos 8y

n ] o
£13(0 ) =005 (O gyy i 8 iy, 1) = €088 iy

Tty 2

o 4]

13 O =08 (6 g 1+8 oy \) — €088 yp
0 0

1 O ) =08 (G iyt Oy )~ 08By o

=y e

15 O =cos (O gt O gﬂ) ~cosd i
£ 16 (G19) = €08 (0 jyyy sup* O i1ag e )~ €088 ey iy (21)
and the nontinear finctions f i (G §j) and gjj (Gij) are given by Eq.6).

4. Power system aperegation

As the first step, we accept for each free subsystem of eqn.9 a Lyapunov fimction
in the form [4-7,9-13 ],

ol

. T
VX=X H Xy fm M | Jin @ yd0 . I=12,..8 22)
0
where H; is an cloventh-order symmetric positive definitc matrix , ' j,; are arbitrary
positive aumbers , and the nonlincar functions f,, arc given by Eq. (12) .
Following the aggregation procedure in {19], it is constructed an aggregation matrix, A

=[ QL (; ], the elements ( real numbers) of this matrix obey the inequality
Vi(X)= E?l el Xx” [ X
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where \?I (X ), is the total time derivative of the function V (X ), along the
motion of the ith intcrconnected subsystem of eqn. 8 . It is to be noted that V,, can be
written as .

V(X)) = V(X)) + [gadVy (XD b (X) @4)

where V (X )  is the total time derivative of the function V), along the motion of the
ith free subsystem .

4.1 Stability criterion
According to theorem 1 of Ref. 19, stabitity of the agpregation matrix, A={0L ],
or equivalently, if it is satisfied the Hick's conditions

(I.“ (1.12 .................. U"lk
?‘21 (1,22 .................. ﬂ.Zk
S A | o
QL Oyg wveeorr - By k=1,2....5 @5

implies asymptotic stability of the system equilibrium .
4.2 Aggregation matrix

As 1 first step, the two terms in the right-hand side of Eq. (24) are compted,
then a nuotber of majorizations are introduced and used to majorize the left-hand side

of eqn. 24. Finaily, clements of the (square) aggregation matrix , A =[O, ], of order
[(N-1) /3 ] are obtained and defined as
[ ]
-A; K=l
QL = L
22,(Z3Z;) K=l K,1=12,..8=N-1 (26)
]

where A is the minimal (positive) cigenvalue of the 14th-order symmetric matrix R,
whose clements are given by eqn. (A-1), md Z pand YA | are defined by eqn. (A-2).

5. Numerical example

The developed approach is used, in this example, to carry out transient stability
studies of the 10-machine, 11-bus system shown i in Pig 1. The (pre-transient} steady
state values of the system angle & and voltages E E 4 and E gz a¢ computed and

givenin Table I,
Table 1. Post-fault equilibrium state results.

o - " )
1 13.07 1.05158 | - 0.01496 1.05484
2 10.64 1.14617 | — 0.00936 1.15335
3 7.58 1.13267 | —0.00554 1.13668
4 4.21 1.06205 | —0.00984 1.06710
5 2.29 1.07639 | -0.00348 1.07920
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6 . 3.14 1.08643 | -0.01447 1.09357
7 -0.47 107156 | -0.01113 1.07566
8 2.46 1.06794 | -0.00671 [1.07289
9 3.44 1.05270 | -0.00808 | 1.05729
10 0.23 | 1.10037 | -0.00386 | 1.10303

Now, to determine an asymptotic stability domain cstimate for the considered sys-
tem, the stability computations are carried out as follows :

1 The reactance X', of cach generator is inserted, and the system loads are repr-
esented by equivalent shunt admittances. Then the system nodes, except the pencrat-
ors intsrnal nodes, are eliminsted, and finally the reduced 10th-order (symmetric) ad
mittance matrix Y ,is obtained and its clements are given in Table IL.

Table II. Reduced admittance matrix for post-fault system.

Arguments (deg.) \\ Modiuli (pu)

-8.15 ].427&5 034177 029362 00032 0009 00XB3 0013 00X (KRI3 OSAIER
9181 -B467 | 131336 02992 000127 000124 000031 000018 000018 000016 0.59343

N8 9286 /88| 118560 000125 000025 000126 000310 000017 OO002H 054486
N HH B BN 000007 000017 000013 045336}
B[RV RE BB 9y 000015 000030 00011 044520
NV VOO W2 R 98 . 000810 00014 0.5127%
M5 M3 7H BH BB/ RBM 01474 014802 027767
N9 BR M4 9% BT HR 064672 009888 029725
HUB B0 9766 HB5MO 95V HIB RNF B/ 7711 | 060499 02404
086 I8 M 98 N DBV M T RNHB -HH| 40601

2~ Selecting machine 10 as the referenec machine, the system is decomposed, ref-
erring to the system reduced matrix Y, into three ” four-machine " interconnected
subsystems.

3- For the obtamcd three subsystems the following’ parametcrs arc selected:

i
h'gg=h gy =h 10,10~ 570 » h 1,1= 300 811 =076 ,8,;70.78, l51:4‘ 0.80

2 2 2 2
B g h g=h 1o0=310 b\ | =50.0; £ = 0.56, €, =063, £,,~0.62

3 3 3 3
Using expression (26), we compute the matrix

0.531260 - 0.790397 0.307347
0.544197 . 0.496672 - 0.675272,

which is a stable matrix (it satisfics conditions (25)) . This implics the asymptotic stab-
ility of the system cquilibrium.

4- Tt is determined (see [19], and Appendix of [10]) the system asymptotic stabili-
ty domain cstimate | given as,

(—1.497506 0.489385 0.274502
A
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E,={X:[360V (X)+125V,(X;) +V,(X,)] 1783375} (Q7)
where, V, , V, and V, are the free subsystem Lyapunov functions, given by eqn.22.

Now, using the developed approsch, the system transient stabilily studies are
carried out assuming the following four stability cases:

1. A sudden connection of a load of the power (0.7 + §0.3) per umt to bus 9, this
load is removed after a certain time interval. This case may simulate addition of a (
pulsating) load comprising large motors of a rolling mill. Applying: the developed
approach the lonpest time duration for the considersd load is determined, dm:ctly to
be 0.047 sec. Note that, using the standard stcp-by-stcp mcthod, thlS time is comput-
ed to be 0.059 sec.

Now, in order to rank the duration times for thn conmdcrcd load, the stability comput-
ations are repeated assuming the load to be connected it cither bus ¥, or bus 8. It is
found that, the load longest duration times are 0.053 s¢c and 0.050'sec for buscs 7
and 8, respectively. S !

ii. A 3-phase shert circuit fault (wnh successfial reclosure) is assumed to occur near
bus 8 ( at 10% of the line length) on the tic-line connectmg buses 8 and 10 . The fault
is cleared by switching off the faulted line, using 3-tyele circuit breakers. Now it is
assumed that, just after clearing the fault, a pulsating load of the power (0.5 + j 0.2)
per unit is connected to bus 8. Applying the developed approach, it is found that Eq.
27}, can be satisfied if the open hne is recomnmected and in the same time the
connected load is removed within 0.106 sec from the fault instant ( note that this time
is equal to 0.124 sec, by using the step-by-step method) .

fii. A 3-phasc short circuit fault ( with successful rcclosurc) is assumed to be
occurred near bus 4, at 10 % length of the tic-linc between buses 4 and 10. Opening
two S-cycle circuit breakers, located at both ends of the faulted line clears the fault. At
the same fault clearing instant it is assumed that, due to'false operation of the circuit
breakers located near the fault location, the two tie-lines connecting bus 4 to buses 5
and 6 arc switched off. It is found, using the developed approach, that the three lines
can still open (Eq.27 is satisfied) .until elapsing the time of0.560 sec from the fault
instant. However, using the step- b‘y-stcp methed, it is found.that the critical time for
reclosmg the open thres lines is cqual to 0.726.

iv. Itis required, in this case, to determine directly the critical fime for clearing a 3-
phase short circuit fault near bus 7, at 0.05% length of the tie-line between buses 7
and 11. Now, as a first step for the stability computation the Newton-Raphson
method is used fo determine the system post-fault ( the fault is cleared) equilibrium
state. Then, for the system under fanlt cicaﬁng‘condxt:on the 10-th order reduced
admittance matrix is computed. Finally, it is determined for the system a pew
asymptotlc stability domain estimate, which is given as,

={X: 280 V1 (X])+ Vg(X't) +V3 (Xg))<~134230} (28)

Using Eq (28), it is found that the cnucal time for clearing the cons:dcrad fault is equal
to 0.032 scc. It is fo be noted that, using the step-by-step method, the critical time cq-
uals 0.042 sec .

Figs.2-3, show variations of the subsystem states, and referring to these figores it

is clear that the system will regain its prefault ( steady-state) condition for each of the :

four assumed stability cases. Note that in Figs.2-5, the time is computed just after the
subsystem states enter the considered stabifity domain estimate.
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6. Conclusions

A new Lyapunov stability approach is developed, in the paper, and is used to ca-
1Ty out transient stability studies of a 10-machine, 11-bus power system. It is drawn
the following salient conchusions:

1- The developed approach is suitable for application to real power systems. Note
that, in the approach non-umiform mechanical damping case is assumed, and generat-
ors fhax decay cffect is considered.

2 — Order of the obtained aggregation matrix is equal to (N-1) /3, where N is nu-
mber of system machines. Hence, the matrix order is independent upon number of sy-
stem buses. However, for real power systems value of N is more less than number of
system buses, and hence it can be easily satisfy, for these systems, stability conditions
(see Eq.25) of computed aggragation matrices.

3 — In the developed approach, all the system transfer conductances are consider-
¢d, hence resistance’s of the tic-lines can be taken into consideration. In addition, the
system network can be greatly simplified by climinating all system nodes, except gcn::
rators intenal nodes.

4 — The approach developed can be casily used to carry out transient stability stu-
dies of power systems. Note that, the approach is used to determine the critical time
for clearing a 3-phase short circuit fault, the lengest duration time for an added pulsat-
ing load, the critical time for reclosing three open tic-lines, and the critical time for re-
moving & connected load with reclosing an open tie-line.

5 — The developed approach can be used for ranking contingencies according to
their severity. Note that, the approach is used to find, directly, which one of three co-
nsidercd buses of the system is more suitable for connection of a given pulsating load.

6 - The developed approach can provide satisfactory practical results, Note that,
values of the times obtained in the numerical example arc about 76 % - 86 % of the
exact time valuss computed by using the standard step-by-step method.
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List of symbols

P ; = mechanical power delivered to ith machine

P,; = clectrical power delivered by ith machine

O ; = rotor angle, or position of the rotor g-axis from the reference

Xy.X i direct-axis, quadrature-axis synchronous resctances

X'y, X = d-axs, ¢-ds transient reactances

E 4 =exciter voltage referred to the armature circuit

E; = voltage behind d-axis transient reactance
E;. E Q= d-axis, q-axis components of the voltage E,

E, = armature emf cotresponding to the field current

85, E B g, B 4 steady state values of the anple S, , and the voltages E g
¥ o 4 E 4 Tespectively
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; = rotor speed with respect to the synchronous speed.
Y Y = modulus of fransfer admittance bctwccn internal nodes of ith and ]th ge--
nerators
0 = Bj ;= phasc anglc of transfor admittance Y
G;; =Y;; cos©,;= transfor conductance

B;;=Y;; sin 9 = transfer susceptance

T dot™ dmect-ans transient open-circuit time constant of ith generator
D, = mechapical dampmg ‘

?L = (D; / M )= mechanical damping coefficient

= {il, iI+1, i+2,N } = get introduced to denote the Ith subsystem four

machmes
Y
5i5=5i"55:8m-3 : 0;=9;;=0,;=0m -0
Oy =d - SkN ked,
A A] E E +EdiEdj
| A ;== A “% iEg-B kg ir € dy
Kj=(xdj_X'dJ)’Tdo_| ; Tj=(10- &= Xy BV Ty

ni=2% G;/M; . jedy
| 2. Z3 = two functions, defined as follows:
za(o, py=min{ V2 mz (|, [9]) s (lal+19]))
Z3e, §, ) = ol HieHy]); 22[22 (e
0, tlizzfz( 7). e} sz2(z2(y, @), ]}

APPENDIX
Definition of the elements of the system aggregation mairix & ;
rgy= 2'3[{ DiI g, '"Dil Wy e I il,il"’z_EU ili}
1
ry=2%8 {Djl-i-l 8{2" (IS Tl U ST Bl LU T S LU i+, J}

1
=24, { DII+2 13 Byrz -0 gy - g - U 1r+§,3

I
r44‘2(7"ﬂh44"h14) . Iss= 2(}-.1+1hss‘hzs)I :
1 2(7“;1+2h56 3s:i)'I » Tp=2Ayhy, , lrss=2ruhss
r99 zrmhae v Fro0=2 a0 , rg=2 by,

r 12=‘[ ‘ (A T g gt B Ty g~ Ty Ty l +a Vet Elvilﬂ,il]

T3 =-[ i (8 -A)N0 5 18y Wy gay— 8y Ty |+ 8 Vi 2 48 Vg, al
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1 “‘bI[B +mﬂ:l+l+mlzld+2+E(U +U111)] rllsz“gxmnﬂ,ir
Fg=-byMyny . r1';34‘11*"141) (AP Uy ~ (b)) Tyl
g == [dy+ Tt bV g g o[ gt g g+ g gy oyl

"(9‘1'*“1)217' ' ; I'Iw"“alﬁﬂYLﬁﬂ‘clmuﬂﬂ

I A .
Tip=- 8 E Yy p-CrMpg » =80 E Yy - Clm sy

r23=-—[ (T - DM gy g YF T gy g A Ty i+l Vi et
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f}z == b [Dy,+my,, 11""“ i+, 11+2+E(U1[+1 it U i, ]
Fos==b 1My > ""'hi"_ci\l i (By-bD U, -@y+bY)
U iy ' ryg=-1ak IR EEREAVE W

i . — d -5 +“" 7 e -t Fo]
r =-al iI+l+d 1TV itV e - T LB gl

ey gty w2l = (31 +T ) LT T,

i ; { .
C200= " F1E g Y 2~ 81 “} 142, i+ s T T E Yy
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5™ ‘hzs , Fog==bE g Y iy
Tls = -by [t ail+l+vﬂ+l,ii+§il+l,il+2 +Z —ﬂ-iilﬂ,j]

"ism -b, By Y i+, 142 » Fsy™- bI1E i+ YiI+11N
s T - (p1-bpdma - (brbr) i | 3 ro,=—hg
rIGE f’ E 2 Y i in2 » r69 =-b, E iz ¥ i1, it

risw:“bl[d 2 Py TV iy, TV ez i +EU—iI+2,I']
Fon=-b1E py Yiwan o+ Top=—1(brdDd;q,-(btb)d ii,il+2|

165



H [ A ) | 1
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Ty AyE Y n y Fopm™ Ay E g Y,y
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= .. £ ?
kAt ayfdy+d;+d TR -y u.,.l
Fao ™Y it o {6, vE T Py s
1 12

Fara =Y i \[ i“: * °1 - O T Py e )5

t ! ~
Tai™ YNy 101 +Cy = C Oy Py s - r:’i.ll = O U i
Ta3==C Uy > flo.m:‘Yim.iu-z NERCYRL FELTUIT
Con= Vi {Erj'*cnz “T O\ Py - f[orF“ CRY I
fjp,m:‘ﬁ'!ﬁ i+, i+ 2 . r{m,u: “Yn+z,n«f 1 {CI *CN € Oy p11+;.,N}

f!m.n 80 o T1006= 8 (U ipnint > T2 8 Ié il i+

~~ I A

. oy — !
g3 =28 S if, il+2 / g wLikz > Fiaa =28 S i+l iz ! £ i, a2 (AD)
while the other elements of this matrix gre 7ero.

Definition of the functions 7 and 7.,
In cqn.27, the two functions z , and s 1 » are defined as follows ( sce Notation)

Z2.=2(%2..2,:2,] mé Z=Z[Z.,.Z2.,:Z,) @2
where
2,,=28Z (2B B B s %l v s Wi ¥ )3 7% (S
i Sl 2 (H g Byl
21b=zz{z (2, B Bigns Bign 32U a8 W iee s W i)
Zy (it St > C el s ZpCH s g )
Z 0= ZAZ (2o (B B B ) T W ipays Wi W it
12y (St Caen 5 C )5 ZaCH s T )}
and where,
2 2@ 8 @ ) B Pt P ) B3O e T i
TR ACTS ¢}
7 0= 2y 32 (2 e @ i @ iy )3 23 (8 it 7 ass F e 5 23
ity Tino o) 5 2208 jas P el
=242 (2 (O i 7 s @ ) 78 (7 i 7 i 7 e 1 23
M 2> Tor: At 220 h e & i3
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In oqns. (A-1) and (A-2), recall that & is givenas Y, 5 (¥ adihe
followmg constants are deﬁncd, : I
a,= h14/Ma » By = hzs/Mm A =hy/ My, . ay=h, /My

:“h44/Mu . by hss /M.m f’lizhlsﬁ/Mdﬂ
Ci=Kyhgp . ;= 11+1h99 » €= Kyhypp s Knhuu
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iy ;= | & BwEdekJI £ k=i, ke di.je Jy
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