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ABSTRACT

Integration of decisions in supply chain management has received increasing
consideration recently. The Production-Inventory-Distribution-Routing Problem
(PIDRP) is a recent and complex problem that integrates decisions on lot-sizing,
inventory management, distribution planning, and vehicle routing problems. In this
paper, a generic problem description is given and a Mixed-Integer Programming
model (MIP) is proposed to solve the PIDRP, the objective is to minimize the total
cost of the combined functions while satisfying the required service levels. The
proposed model contributes to the existing literature since it deals with multiple
products, split deliveries, a heterogeneous fleet of vehicles, and puts a limit on the
duration of the route performed by each vehicle. The proposed model was
successfully validated and tested by using small-sized instances from literature. Also,
a sensitivity analysis was performed to investigate the effect of estimated parameters
on the model results.

1. Introduction

Supply Chain Management (SCM) is a set of
approaches  utilized to integrate  suppliers,
manufacturing, warehouses, and stores so that
products are produced and distributed at the right
quantities, to the right location, at the right time, in
order to minimize system-wide costs while satisfying
service level requirements [1]. The main SCM
functions are location and network design, marketing,
purchasing, production, inventory, distribution, and
vehicle routing [2].

The integration between different SCM functions
has become a key factor of success recently. Focusing
on cost reduction in one area of the supply chain often
leads to higher costs in other areas [3]. In general,
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modelling more comprehensive problems creates the
opportunity for more savings [4]. Several studies were
made on the partial integration of SCM functions
resulting into some important and well-known
problems, such as the Inventory Routing Problem
(IRP), the Location Routing Problem (LRP), and the
Production-Distribution Problem (PDP). The most
recent integrated SCM problem is the Production-
Inventory-Distribution-Routing Problem (PIDRP).
The PIDRP is a complex and large problem that
integrates tactical and operational decisions on
production lot-sizing, inventory management,
distribution policy and quantities, and vehicle routing,
with the objective of minimizing the total cost. The
PIDRP can be seen as an extension of the Inventory
Routing Problem (IRP), by including production
decisions which are not considered in the IRP [5].
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Since 2006, the research on the PIDRP gained the
research interest to find good modelling and solution
approaches. However, the research in this area is
relatively limited, with many potential research points.
For a recent review on the works addressing the
PIDRP, refer to [2, 5].

Hence, it can be seen that the PIDRP is the most
comprehensive SCM problem so far, and it, also,
represents a recent and promising research direction.
The main contribution of this work is to provide a
novel and generic mathematical formulation for the
problem with computational results for data instances
from literature and sensitivity analysis.

This problem can be seen in industry in
applications such as the production and distribution of
dairy and bakery products. The products of such
industries are characterised by short shelf life and
special inventory and distribution requirements. One
important aspect of such distribution networks is the
presence of a large number of stops with small drops
or deliveries at each stop. Another aspect is the fact
that, the delivery trucks may be dropping and
collecting perished items from the visited location to
return them back to the facility. However, the issue of
reverse logistics is not considered in this paper.

The paper is organized as follows; in section 2, a
literature review for the PIDRP is given. The proposed
MIP model for the PIDRP is presented in section 3.
Section 4 gives the computational results and
sensitivity analysis, and Section 5 gives the
conclusions.

2. Literature Review

The research on integrating decisions on different
SCM functions started from nearly thirty years ago,
and increased considerably during the past decade.
The research on the PIDRP was motivated by the work
of Chandra and Fisher [6] who suggested that
coordinating the decisions on these different functions
into a single model instead of solving them separately
can achieve a cost reduction between 3% and 20%.
Although these results were promising, the research on
this integrated problem was relatively slow, that was
due to the complexity of the problem and limitations
of the computational abilities.

In 2006, the work in [7] regained the interest in the
PIDRP, a two-phase approach was used to solve the
problem of multiple plants that produce a single
product and distribute it to multiple distribution
centres with a fleet of heterogeneous vehicles. In phase
I, a mathematical model was used to optimize decision
variables of lot-sizing, inventory, and distribution with

restricting the routing constraints to direct shipments
only. Phase II applies a load consolidation heuristic to
solve an associated consolidation problem.

Due to the complexity of the problems, researchers
started to resort to using metaheuristics. In [8], a
greedy randomized adaptive search procedure
(GRASP) was wused to tackle simultaneously
production and routing decisions, and then it was
improved by a reactive mechanism or by a path
relinking process for better results. In [9] the same
authors used a greedy heuristic with a saving
algorithm for the PIDRP. Then, a local search
procedure based on 3-opt moves, insertion, and swap
heuristics was used to improve the solution. Memetic
algorithm with population management was used in
[10], this algorithm could deal simultaneously with
production and distribution decisions.

In[11, 12, 13] Bard and Nanaukul presented three
important works on the PIDRP for single production
plant, single product, multiple customers and a fleet of
homogeneous vehicles. In [11], an allocation model
was used to find good starting feasible points for a
reactive Tabu search procedure with path relinking
was used to solve the PIRDP. In [12], a column
generation scheme was used to determine delivery
quantities for each customer in each time period, and
then a two-step heuristic was proposed to solve the
IRP component and find the actual routes by using
Tabu search. In [13], a branch-and-price-based
scheme was proposed for solving the PIDRP; several
methods were introduced to deal with symmetry
during branching.

A mathematical model for the multi-commodity
PIDRP was proposed in [14]; the model considers
many issues such as production capacity limitation,
inventory accumulation, storage limits, and vehicle
routing. Results showed that implementing the model
may result in reduction in holding costs and energy
consumption of refrigerated storage.

In 2011, two notable works were presented; in [15]
different inventory policies were considered for
solving a single retailer, single vehicle PIDRP. A
novel Hybrid heuristic was used with very good results
compared to the exact procedure. In [16], two Tabu
search variants for the PIDRP were presented; the first
variant involved a construction phase and a short-term
memory algorithm, and the second incorporates a
longer term memory used to integrate a path relinking
procedure to the first variant. The results showed that
the proposed procedures can be successfully applied
to the PIDRP and can be extended to other planning
problems with a discrete time horizon.
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A Decision Support System (DSS) was proposed in
[17] by combining a database management system and
a mathematical model to solve a PIDRP for multiple
plants and multiple products, the results showed that
the proposed DSS works interactively with the
optimization model providing flexibility in real-time
decisions.

Recently, in [18], a two-phase iterative heuristic
was proposed with a maximum level inventory policy
based on the work in [15]; the first phase was for lot-
sizing with vehicle capacity consideration, the second
phase was for routing decisions. Two diversification
mechanisms were used to prevent quick convergence
to local optimum. Adulyasak et al. in [3, 19] presented
an Adaptive Large Neighbourhood Search (ALNS)
procedure to solve the PIDRP. The results showed that
this algorithm outperforms existing heuristics for the
PIDRP with respect to quality and computational time.

It was seen from the survey on the PIDRP, that
problem is gaining increased consideration in recent
years. However, the available models and approaches
are, mostly, limited to less complex cases. The
literature on the PIDRP is relatively few, providing
good opportunity for further research.

3. MIP Formulation of the PIDRP
3.1 Assumptions of the PIDRP model

The following assumptions are used for the MIP

model proposed for the PIDRP:

e A single capacitated production plant.

e Multiple types of products, to be delivered to
multiple geographically dispersed customers.

e Products have different setup costs, unit
operational costs, and production capacities.

e Deterministic demand.

e Inventory can be kept in both the plant and
customer facilities with limited amount.

e Delivery is performed by a fleet of capacitated
heterogeneous vehicles.

e Vehicles can be loaded with different types of
products.

e The route duration of any vehicle cannot exceed a
predetermined planning period’s duration.

e All vehicles should return to the plant at the end of
the planning period.

e Shortages are not allowed.

e Splits deliveries are allowed

3.2 Notation of the PIDRP model

Indices

t=1,2,.,T Setof planning periods

i,j=0, Set of facilities, where 0

1,.,.N corresponds to production plant,

and other nodes  represent
customers, i#j

k=12 . Set of products

K

v=12 . Set of vehicles

%

Parameters

Sk Production setup cost of product &

Ok Unit production cost of product &

Cr Production capacity of product k per each
period

C Total production capacity of the
production plant

hok Per unit inventory holding cost of product
k at the production plant

hik Per unit inventory holding cost of product
k at customer i

M Maximum allowed inventory level of
product k at facility i

dite Demand of product k& at customer i in
period ¢

q» Capacity of vehicle v

f Fixed transportation cost of using vehicle
v

Pij Routing cost for traveling from node i to
node j using vehicle v

Ly Expected duration to travel from node i to
node j using vehicle v

L Fixed length of each planning period

U Specific loading characteristic of product &

y A large number

Decision variables

Owu Production quantity of product £ in period
t

Py Binary; 1 if product £ is produced in period
t, 0 otherwise

Lo Inventory level of product & at the
production plant at the end of period ¢
Tin Inventory level of product & at customer i

at the end of period ¢, i # 0

KXike Amount of product & delivered to customer
i by vehicle v in period ¢, 1 # 0

Wi Binary; 1 if customer i is visited in period
t, 0 otherwise

Yirw ~ Amount of product k delivered between
node i to node j by vehicle v in period ¢

Zj Binary; 1 if vehicle v travels between node
i to node j in period ¢, 0 otherwise
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3.3 Mathematical Formulation

The formulations proposed in [13, 16, 19] were
extended to propose a generic formulation of the
PIDRP is as follows:

Minimize

Z SkPre + 0k Qe + horloke + Z higelige

teT |kek {EN\{0}

+ Z Z vaOitv
veV | ieN\{0}

+Z Z TijvZlijtw (1)
{EN jEN(i}

Subject to
Qrt < VPt vkEK,VEET (2)
Qxt < CPrt vkeK,VteT (3)
ZQHSC VEET (@)
keK
lort = Qre + Toke-1 — Z inm

iEN\{0} v
VvkeKVteT (5

L = ZXiktv + Lie—1 — dige
v
Vi e N\{0},vk €K,vt ET (6)

Lige < My

Z Yuktv = CIV ijtv

VieN,VkeKvteT (7)

keK
Vi e N,j € N\{i},Vv €eV,vteT (8)
U Xikty < Qo VwEV,VLET (g
{EN\{0} kEK
Z Kiker = dike
vev

VieN,VkeK,vteT (10)

LijpZijy <L
iENn{o) jENN(E)
VvveVlV,vteT (11)

Yoiktv = Z inktv
ieN\{0} veV ieEN\{0} veV

VkEeKVtET (12)

Yiiker — Z Yijrew = Xikew
JEN\{i} JEN\{i}
Vi e N\{OL,Vk €K, Vv eV,VteT (I3)

letv - 1
iEN jeN\{i}
YweV,VteT (14)

Zjity — z Zijty =0
JEN\{i} JEN\{i}
ViENYveV,VteT (15)

Z Zjity + z Zijty = 2Wy

JEN\{} JEN\{}

VieN,VveV,VteT (16)
Qe =0 vkeK,vteT (17)
Toxe = 0 vVkeK,vteT (18)
Ligg 20 Vi e N\{0},Yk e K,VteT (19)
Xiktr =0 Vi e N\{0},Vk e K,vveV,vteT (20)
Yijkew 2 0 Vi € N\{j},Vj € N\{i},VEK, (21)

VveV,VteT

P, € {0,1} VkeK,VteT (22)
Wi, € {0,1} Vi e N\{0},Vt e T (23)

Zise € (0,1 Vi € N&];}’Ev[]/‘i’é“él%: (24)
The objective function (1) minimizes the
summation of three types of costs; total production
cost (setup and operational costs), inventory holding
costs at the production plant and customer sites, and
finally the transportation cost (fixed and routing
costs). The constraints (2-24) represent the
assumptions and limitations for the production,
inventory, distribution, and vehicle routing.

4. Computational Results and Sensitivity Analysis

In this section, the proposed model, presented in
section 3, was validated and tested for small-sized data
instances. The model was implemented by using
LINGO 15.0 optimization software and tested on a 2.2
GHz Core i3 with 4 GB RAM under Windows 7
environment.

To validate the model, it was reduced to solve eight
data instances from literature [20]. In [20] a Particle
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Swarm Optimization (PSO) algorithm was proposed
to solve the problem for a single product, a
homogeneous fleet of vehicles.

Table 1 provides the instance size, the objective
function values for the PSO and the proposed MIP
model, respectively, the CPU time in seconds for the
MIP model, and the gap between the two methods.

Table 1. Validation and improvement by the proposed model

i (NE‘TZ:V) OBJeso | OBJwr | CPUwr | Gap

T 4x5<2 | 38369 | 37,579 T 2.06%
2| axiox2 | 76739 | 72,108 200 6.03%
3 6%x5%3 57,554 52,553 243 8.69%
4| 6x10x3 | 115,108 | 103046 | 665 10.5%
s| 8xsxa | 76730 | 74290 454 3.19%
6 8x10x4 153,478 145,700 110.2 5.07%
7| 10x5x5 | 95924 | 92442 87.2 3.63%
8| 10x10x5 | 191,004 | 182,601 | 2049 4.40%

From Table 1, it was found that the proposed MIP
model was able to solve all the eight instances to
optimality in a short time with results’ improvement
between 2% and 10%.

After the proposed model was validated, larger data
instances were generated by extending the instances
from [20] to add an additional product, and defining a
heterogeneous fleet of vehicles with the full sets of
constraints. Tables 2 to 4 give the data for the first
problem that has a production plant, three customers,
five time periods, two vehicles, and two products; then
the problem size is (4x5%2x2).

Table 2. Parameters of products and vehicles for the first data

instance
Par Prod 1 Prod 2 Par Vi V2
Sk 809 536 Qv 24 26
Ok 89 88 f, 228 239
[ 54 51
Uy 0.2 0.1

Table 3. Holding costs for the first data instance for each product in
each facility

Facility Product 1 Product 2
0 10 9
1 7 9
2 8 9
3 9 8

Table 4. Demand of the two products for the first data instance

Custome Time Period
r 1 2 3 4 5
1 11,11 10, 13 18, 14 19, 19 20, 14
2 20,17 15,14 14,16 11,10 17,17
3 10, 15 20, 13 15, 15 20, 12 11,17

The same computations were performed for the
other seven instances in Table 1. The results are shown
in Table 5. It was found that seven out of the eight

problem instances could be solved to optimality in less
than four hours. As the problem includes vehicle
routing, which is classified as an operational problem,
it may be needed to solve the problem on daily basis.
Hence, the authors think that a computational time
above four hours would be impractical; especially that
in the real-life applications it is highly likely to have
larger instances.

Table 5. Computational time in seconds for the extended data

instances

instance Size (NXxTxVxK) CPUwmir
1 4x5x2x2 948.6
2 4x10%x2x2 1775.3
3 6X5%3x2 3808.1
4 6x10x3x2 5667.9
5 8x5x4x2 9449 .4
6 8x10x4x2 12,507.0
7 10x5%x5%2 11,052.2
8 10x10x5x%2 >14,400

The large increase in the computational time is
caused by the large number of binary variables in the
mathematical model and the fact that LINGO uses
branch-and-bound methodology for solving such
problems. Hence the computational time grows
rapidly with the problem size.

Heuristics provide not optimal but faster solutions,
many heuristics provide very near solutions to the
optimal one. For the large instances, exact methods
tend to be very time consuming and impractical for
such kind of operational problems, heuristics are more
likely to be used. Heuristics and metaheuristics were
used by most of the works on the PIDRP. A very
recent approach is to combine mathematical
programming and metaheuristics to form what is
called “matheuristics”, this method is very promising
and can be used in future works.

4.1 Sensitivity analysis

In this section, two sensitivity analyses are
performed for two different parameters of the MIP
model. From literature, it was found that change
production capacity has big influence on the total cost,
see [6, 16]. Also, travel times may be a big source of
variation due to traffic jams, road and weather
conditions, accidents, etc. [21]. Hence, the sensitivity
of the solution should be investigated in response to
the changes in these parameters. Parameters C and lij,
are varied in intervals as shown in Table 6, and then
the model was run for 10 runs for 100 variations of
each parameter.

Figures 1 and 2 depict the influence of the change
in each parameter on the average total cost, average
production cost, average inventory cost, average
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transportation cost and average computational time for
the eight instances. The response of these different
measures relative to each parameter is summarized in
Table 7.

Table 6. Intervals for sensitivity analysis for production capacity
and travel time

Par Interval

C (3 iemvioy Ziek Zeer dine) (4 Tiem(oy Zkek Zeer dike)
N-1.T ’ (N-1).T

lijy [100, 500] divided into eight intervals

Table 7. Sensitivity of solution measures to the change in the
production capacity and travel time

Production
Travel time
Capacity
Computational time + +
Total cost - +
Production cost + +
Inventory cost - -
Transportation cost + +

5. Conclusions

In this work, an integrated problem for supply
chain management functions was addressed, that is the
production-inventory-distribution-routing problem. It
was shown that the research on PIDRP has received
increasing research interest during the past decade.
However, the research on this problem is relatively

Production, Inventory and Distribution Decisions in Supply Chains

few and limited. To contribute to the research on the
PIDRP, a mixed-integer programming model was
proposed for a generic case and used to solve data
instances from literature. Results showed that the
proposed model can be used efficiently for small-sized
data instances and for solving them to optimality in
reasonable time. For larger instances, it was found that
the computational time increases drastically; this is
due to the combinatorial nature of the problem and the
number of binary variables.

Finally, a sensitivity analysis was performed to
recognize the influence of changing two key
parameters of the model; production capacity and
travel time. It was found that increasing the production
capacity would decrease the total cost with an
affordable increase in the computational time. On the
other hand, the increase in travel times would largely
increase the total cost with a slight increase in the
computational time.

To solve large instances, seeking optimality would
be very time consuming and is not guaranteed; that is
why heuristics can be used for large instances to get
faster solutions with near optimal solutions. Some
heuristics and meta heuristics were used previously for
the PIDRP. In future work, these methods will be
studied and new combinations can be developed to get
an efficient approach to solve the problem.

This work can have a significant contribution when
used for the perishable products production and
distribution industry especially industries with short
life time products such as dairy and baked products.
One important extension of this work is to include
pick-up and delivery in the formulation, allowing for
solution of the case of simultaneous forward and
reverse logistics.

Computational Time (s)

Production Cost Inventory Cost

R

90 95 100 105 110

115 120 125 130

Production Capacity Variation %

Fig.1. Effect of change in production capacity
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Computational Time (s) Production Cost Inventory Cost
—x=—Transportation Cost —o—Total Cost

180
160 o -
140 —
120 /
128 T S — o

60 - M—

40 S

20

1 2 3 Travel Time Variation Interval ¢ 7 8

Fig.2. Effect of change in travel time

As many of the products considered for this
problem are distributed in refrigerated trucks, another
extension can be the consideration of truck emissions
in both the objective function as well as in the
constraints in a matter related to Pollution routing
Problem [22, 23]. In such problem the objective
function would not only aim to minimizing cost or
total distance but the produced emissions as well.
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