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This study addresses the control problem of spatial link manipulator for three 
degrees of freedom arm robot. A dynamic model is proposed, and the gravity effect 
is taken into consideration. In this paper the results of proportional-integral-
derivative, PID, are compared with the results of a fuzzy logic controller using 
MATLAB simulation for controlling the torque of the manipulator. The objective 
of the controller is to adjust the joints of the manipulator for the desired point. The 
outputs of the PID controller and gravity controller are combined and used as the 
commanded torque to the manipulator. The results show that the fuzzy logic 
control is superior to the PID control as the dynamic performance of the 
manipulator is considered. 
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Nomenclature 

iq      Equal θ1, θ2, or θ3   are the joint variables 
 generalized coordinates. 

iτ        The external torques acting at the robot  
            joints (i=1,2,3). 

iiA       The effective inertia coefficient at joint i. 

ijA    The coupling inertia between joints i and j 
 at joint i 

ijjC    The centripetal force dynamic coefficient at 
 joint i due to velocity at joint j. 

ijkC   The Carioles force dynamic coefficient at 
 joint i due to velocities at joints j and k. 

iD           The gravity loading at joint i, k. 
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),( qqC         The Coriolis /Centripetal Vector. 
)(qD          The Gravity vector. 

τ            The external torques applied at the  
                         arm joints (physical input). 

  T              The transpose column vector. 
  θ1d           The desired values for θ1. 
  θ2d            The desired values for θ2. 
  θ3d            The desired values for θ3. 
   e              The tracking error defined by (θ - θd ). 
  d2r             The gravity loading at joints 2. 
  d3r             The gravity loading at joints 3. 
                The non-physical input. 
1. Introduction 
Manipulator is an actuated machine that is used to 
move objects in a similar way to a human arm. The 
manipulator considered for this work consists of 
three rigid links connected by three revolute joints 
to provide rotational motion like a human arm 
(twist, shoulder and elbow). To achieve a desired 
position, a manipulator is required to accelerate 
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from rest and move on predefined path and finally 
decelerate to stop. To perform this job, controlling 
torque is applied on the actuators through the 
manipulators joints. The problem of manipulator 
control is to find the time behaviour of the forces 
and torques delivered by the actuators for 
executing the desired job. Control of a system 
usually requires the availability of a mathematical 
model and some types of controller to apply the 
model.  
 
There are many control methods used to control the 
robot manipulator. The most used ones in the 
industrial processes are the PID control [1][2], 
fuzzy logic control, [3] optimal control [4][5], 
adaptive control [6] and robust control. [7] There 
are many types of controllers that can be used to 
cause a designed robot arm to move along a desired 
trajectory. [8] 
 
The PID controller is the most popular type of 
feedback. It was a primary component for the old 
governors and it became the typical control for 
most process control. The proportional-integral-
derivative (PID) controller has a simple structure, 
and its three constant gains are easy to be 
physically interpreted. The control performances 
are acceptable in the most of industrial processes. 
Most robot manipulators used in modern industries 
are controlled by an independent PID algorithm at 
each joint. [9]  
 
Recently, PID controllers are found in all regions 
where control is utilized. Basically, all PID 
controllers made today depend on microprocessors. 
[10] This has offered chances to give extra 
characteristics like automatic tuning, [11] gain 
scheduling, [12] and continuous adaptation. 
 
The soft computing methods are used to obtain the 
fuzzy control as fuzzy logic and fuzzy set theory 
that were presented in 1965 by Lotfi Zadeh. [13]  

He explained that fuzzy logic is not like 
classical logic in realizing values between false 
and true by using a set of membership functions 
constructing the rule base, fuzzification and 
defuzzification methods. In the view of 
classical set theory, the meaning of the 
membership function does not make a 
difference, but the number may or may not 
belong to the set (0 or1) that takes on the value. 
Through the last twenty years, fuzzy logic 
control ,FLC, has been one of the most 
methods, active and productive areas of 
research. It has been effectively utilized in a 

wide verity of applications like: economic, 
engineering and other areas including high level 
of complexity, uncertainty and non-linearity. 
[14] 

Until now, the fuzzy logic controller has been 
the most successful application in this field. 
Several applications show that the yield results 
of the fuzzy logic controllers are better than 
those using conventional control algorithms. 
However, fuzzy logic controllers are mainly 
non-linear and sufficiently successful to give 
the required non-linear control actions by 
cautiously modifying their parameters. 

In this paper, we used the PID and fuzzy logic 
control techniques to control the three-link 
robot manipulator shown in Fig. 1. 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 

 

 

2. Dynamic Modeling For Spatial-Link 
Manipulator  

The general equations of motion of the 
manipulator, shown in Fig.1, based on Lagrangian 
dynamics can be calculated from 
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 where,     321 or   ,  , θθθ=iq  
 
 The three equations of motion that govern the 

Fig. 1. Three Link Manipulator 
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dynamic behaviour of the manipulator are derived 
as:   

13111321112111 τθθθθθ =++  CCA                (2)                                                                                        

2223232
2

3233
2

1211323222 τθθθθθθ =+++++ DCCCAA 
    (3)                                                                                                            

3332323
2

2322
2

1311333232 τθθθθθθ =+++++ DcCCAA 
    (4) 

                                                                  
 The compact matrix-vector notation form can be 
written as: 
 

τ=++ )(),()( qDqqCqqA                            (5)                                                                                                                    
 

Where,  















=

3332

2322

11

0
0

00
)(

AA
AA

A
qA

  ,  
 
     

















++
++

+
=

32323
2

2322
2

1311

32232
2

3233
2

1211

3111321112

),(
θθθθ
θθθθ

θθθθ









ccc
ccc

cc
qqC

 ,  
 

[ ]TDDqD 320)( = and  [ ]T321 ττττ = . 
 
finally, the state-space model shown as: 

 41 yy = ,      52  yy =
,      63 yy =

,  

( ) 16411354112411  uyyCyyCyA ++−=
       (6)                                                                              
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 Where the state space vector Y is provided as 

11Y θ= ,       22Y θ= ,           33Y θ= , 

14 θ=Y ,        25Y θ= ,       36Y θ= ,       

11u τ= ,    222 Du −= τ ,   333 Du −=τ  

The compact form of the state space model in 
matrix-vector form is: 

u)(t,yt ,)( fy =M                                          (9) 

Where,  
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[ ]  y,y,y,y,y,yy T
654321  = ,   

For the purpose of simulations, the system of 
equations of motion is converted to first order 
differential equations using state space 
technique and then state space model is solved 
numerically by using Rung Kutta method in 
MATLAB package using the command ode 45.  
 
3. PID Controller 
To control the manipulator, we will use a controller 
in the computed torque family, which is the “PID-
plus-gravity controller”. The control torque signal 
(τ ) of this controller is chosen as PID feedback. 
 
A proportional–integral–derivative controller is a 
feedback controller. The controller tries to 
minimize the errors by adjusting the process 
control inputs. Here, PID controller in parallel 
form, so the output (τ ) of PID controller is the 
addition of the proportional (P), integral (I), and 
derivative (D) terms. PID controller is also called 
three-term control. The calculation of PID 
controller involves three separate constant 
parameters. [15] 
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The independent joint control torques are thus: 
 

                                                                  
               (10)                                                         

                                                       
               (11)                                

                                                       
               (12) 
 
 The values of the PID gains,  KiP , KiI and KiD  are 
used in this study which are obtained by trial and 
error. These three parameters were tuned to have 
the best performance. The best values for the 
parameters are chosen as in table 1. 
 
Table 1. Control Gains 

Set Joint 1 Joint 2 Joint 3 
KiP 700 900 400 
KiI 160 150 50 
KiD 55 50 20 

 
In this way, the system equation (5) can be written 
as: 

              (13)               
 
with      
 

 ,            
 
   So, the system of equations may be decoupled to 
get new (non-physical) input  

  
(14)                                                                              

However, the physical torque inputs to the 
system are: 

 

 

The error signals 

 

 

 

   With final positions 

 

 The system has initial positions 

 

With a specific end goal to apply all controls of 
Proportional-Integral-Derivative actions, with 
the assumption of a state of integration for each 
angle to facilitate the input process inside the 
computer as: 

 

      

        (15)             

      

 
 
 
So, the complete system equations are 
 
 

 
(16) 

 
 
MATLAB is used to simulate the robot arm model 
above to demonstrate the effectiveness of the 
proposed PID plus gravity controller. In the 
simulation study presented here, only step response 
(set-point-tracking) is considered. Each of the input 
torques at the joints is supposed to be a step 
function. The desired values for the twist, shoulder, 
and elbow joint angles are,   Ө1d = 5 deg.,  Ө2d = 10 
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deg.  and   Ө3d = 15 deg. The parameters of the 
manipulator are chosen as given in table 2. 
 
Table 2. Manipulator Parameter 

ma 5.01 =       m.a 502 =  ma 0.13 =
 

2
1 2.0 kg mj =

 

kg/mρ 0.22 =
  

kg/m0.23 =ρ
 

kgmT   55.0=
 

-2ms  81.9=g  
  

 
4. Fuzzy Logic Controller 
The fuzzy controller developed for the application 
is a Mamdani fuzzy controller [16]. Input 
membership functions chosen are Gaussian. Output 
membership functions also Gaussian and the 
number of output variables is one. 
 
 In this study, two inputs of fuzzy logic controller 
are represented by seven membership functions. 
For designing the FLC, start creating the rule base 
in FIS Editor in MATLAB by using the controller 
as a feedback one. Fuzzy logic controller produces 
the output (control torque) with the two inputs 
(position and velocity error) as shown in figures 
 (2-4). 

 

Fig. 2. Membership function for position error 
 

 

Fig. 3. Membership function for velocity error 

 

 

Fig. 4. Membership function for output control 
torque 

4.1. Fuzzy Rules  

 People take decisions depending on the rules. 
Although, people may not know about it, all the 
decisions they make are all based on statements 
like '' if-then'' statements. Generally, the input 
to an "if-then" rule is the actual value of the 
input variable (Position error, Velocity error) 
also the output is a whole fuzzy set (control 
torque). Later this set will be defuzzified, 
assigning one value to the output. Interpreting 
''if-then'' rules in five-part process as: 

 
Fuzzify inputs 

 The outputs θe   and θe  which are considered as 
input to fuzzy logic control ,FLC, are always crisp 
numerical value. These values must be assigned 
from human practical experience, but here, we get 
these values from the simulation results for the 
same manipulator with PID controller. 
 

Apply fuzzy operator 
 Fuzzy logic operators is used to change the 
antecedent of rules which have more than one part 
to one number that represents the result of the 
antecedent for the activated rule. In our case the 
logic operators are “AND”  which support the 
minimum method. 
 

Apply implication method 
 Each rule is weighted in respect to others by a 
weight value varying between 0 and 1 which gives 
an impact on the single output number of the 
antecedent of the rule, therefore, it affects the 
implication method. The implication technique is 
described as the forming of the consequent (a fuzzy 
set) depending on the antecedent (single number). 
Implication takes place for each rule and we use 
the ''AND'' technique to truncate the output fuzzy 
set. 
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 Aggregate all outputs 
 It is just a matter of conversation that all the fuzzy 
sets that represent the output of each rule and 
merging them into a single fuzzy set. Listing all the 
truncated output functions that returned by the 
implication process for each rule leads to the input 
of the aggregation process. However, the output is 
one fuzzy set for each output variable. 
 

Defuzzify 
The input of the defuzzification process is a fuzzy 
set and the output is a single number (i.e.) it is a 
change from the aggregated fuzzy set to a crisp 
output. Five defuzzification methods can be used 
such as: centroid, bisector, largest of maximum, 
smallest of maximum and middle of maximum. 
The most common one is the centroid calculation 
which returns the centre of the area under the 
curve.  

Table (3) shows the output control actions 
corresponding to the input linguistic variables. 
The Fuzzy logic control torque is derived using 
a fuzzy logic MATLAB toolbox by processing 
the steps explained above. 

Here NB means Negative Big, NM means 
Negative Medium, NS means Negative Small, 
Z means Zero and PS means Positive Small, 
PM means Positive Medium and PB means 
Positive Big. 
 

5. Simulation Results 
Simulation runs have been run to test the 
performance of the PID and FL controllers as 
applied to the considered manipulator. The 
response of the three linked rigid manipulator 
parameters (Ө1, Ө2 and Ө3) for both 
controllers are shown in figures (5-7). 
 

The settling and the overshoot time were 
calculated from both controllers. By simulation 
result, the output response of  both the PID and 
Fuzzy logic were compared as shown in table 4. 
From the analysis and comparison of both 
controllers, the FLC performs better compared 
to PID controller in terms of percentage 
overshoot (0% for Ө1, 4.39% for Ө2 and 3.33% 
for Ө3) while the PID overshoot is (2.9% for Ө1, 
14.6% for Ө2 and 6.40% for Ө3). The results 
showed that, when using FLC with the spatial 
link manipulator, the overshoot of the angle Ө1 
is improved from 5.12° when using PID to 5° 
when using FLC by (2.34% improvement) and 
the angle Ө2, the overshoot is decreased from 

11.75° when using PID to 10.48° when using 
FLC by (10.80% improvement). At the same 
time the overshoot of the angle Ө3 is decreased  
from 15.96° when using PID to 15.5° when 
using FLC by (2.88% improvement). When 
comparing the settling time for both controllers, 
the FLC performs better with 0.25S, 0.27S and 
0.20S respectively.  

 Table 3. Rules for joint angle fuzzy controller 
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Fig. 5. Joint angles response using (PID & FLC) 
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Fig. 6. Joint angles velocity using (PID &FLC) 
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Fig. 7. Joint torque using (PID & FLC) 
 
Moreover, the torque needed to drive the 

controllers is less in FLC than the PID  as shown in 
Fig.7. This has the advantage of requiring smaller 
driving motors and less power consumption.  
The maximum angular velocity of the links during 

motion is also less for FLC controller than the PID as 
shown in Fig.(6), which means less inertia forces and 
stresses on the frame and the joints of the 
manipulator. 

  
 
 

 
 
 
 
 
 
 

 

 

6. Conclusion 
In this study PID and Fuzzy Controllers are 
successfully designed and implemented for control 
of three rigid link manipulator. Based on the results 
above it is concluded that the best performance is 
obtained by using the fuzzy control technique as it 
gives smaller overshoot, zero steady state error and 
smaller settling time than obtained using PID 
controller which gives high overshoot  and settling 
time with zero steady state error. 
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